TESTS AND ESTIMATION STRATEGIES ASSOCIATED TO
SOME LOSS FUNCTIONS

YANNICK BARAUD

ABSTRACT. We consider the problem of estimating the joint distribution
of n independent random variables. Our approach is based on a family
of candidate probabilities that we shall call a model and which is chosen
to either contain the true distribution of the data or at least to provide
a good approximation of it with respect to some loss function. The
aim of the present paper is to describe a general estimation strategy
that allows to adapt to both the specific features of the model and the
choice of the loss function in view of designing an estimator with good
estimation properties. The losses we have in mind are based on the
total variation, Hellinger, Wasserstein and LL,-distances to name a few.
We show that the risk of the resulting estimator with respect to the
loss function can be bounded by the sum of an approximation term
accounting for the loss between the true distribution and the model
and a complexity term that corresponds to the bound we would get
if this distribution did belong to the model. Our results hold under
mild assumptions on the true distribution of the data and are based on
exponential deviation inequalities that are non-asymptotic and involve
explicit constants. When the model reduces to two distinct probabilities,
we show how our estimation strategy leads to a robust test whose errors
of first and second kinds only depend on the losses between the true
distribution and the two tested probabilities.

1. INTRODUCTION

Observe n independent random variables X1, ..., X,, with values in a mea-
sured space (E, &, ) and assume they are i.i.d. with common distribution
P*. Consider now a loss function ¢ for evaluating the performance of an
estimator of P* together with a model .Z, i.e. a family of candidate prob-
abilities for P*, that may or may not contain P* but which is believed to
provide a suitable approximation of it. The purpose of the present paper is
to design a generic method for estimating P* that takes into account our
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choices of the loss function ¢ and the model . in view of building estimators
with good estimation properties.

To be more specific, we build an estimator P with values in .# and mea-
sure its accuracy by the quantity ¢(P*, P) where the loss ¢ is a nonnegative
function defined on & x .# for some suitable set & containing the true
distribution P*. Even though ¢ may not be a distance (it may neither be
symmetrical nor satisfy the triangle 1nequahty) we shall mterpret the loss
(P, ﬁ) just as if it were: small values of ¢(P*, P) would mean P is “close”
to P* while large value of ¢(P*, /ﬁ) would in contrast be understood as P is
“far” from it. Our purpose is to design an estimation procedure which guar-
antees small values of ¢(P*, P) whenever .# provides a good approximation
of P* (i.e. infpe 4 £(P*, P) is small) and the dimension of .#, defined in a
suitable way, remains small compared to n.

This problem was solved for the Hellinger loss in Baraud et al. (2017)) and
Baraud and Birgé (2018) and to give an account of these results, let us first
recall that the squared Hellinger distance h?(P, Q) between two probabilities
P and @ on FE is given by the formula

dP dP dQ
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where v denotes an arbitrary measure on (F, £) that dominates both P and
Q, the result being independent of the choice of v. The estimator P(X )
which results from their procedure (named p-estimation) typically satisfies
an inequality of the form

2 Y 2/ px D n(% )
(2) E [n? (P*, P(X))] <C ngf WA(P*,P) =
where C' is a positive numerical constant and D, (.#) a complexity term
that may depend on the number n of observations and the dimension (in
some sense) of the statistical model .#. This inequality essentially says that
the loss between P* and P is not larger C D, (.# )/n when P* belongs to
the model .# and that this bound does not deteriorate too much as long
as infpe_y h?(P*, P) remains sufficiently small, i.e. as long as P* remains
close enough to the model with respect to the Hellinger loss. An interesting
feature of this result lies in the following facts: the inequality is true
under very weak assumptions on both the statistical model .#Z and the
underlying distribution P* and, in all cases we know, the quantity D,,(.#)/n
turns out to be the best possible bound that can be achieved uniformly over
the model .Z (up to a possible logarithmic factor).

In the present paper, we would like to extend this result to other losses.
One may think for instance to the total variation distance, the Wasserstein
distance, the Kullback-Leibler divergence and the L;-distances with j > 1,
among others. Unfortunately, for most of these losses, there is no hope to
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obtain a risk bound which is similar to under weak assumptions on both
the model .# and the true distribution P*, as in the case of the Hellinger
loss. If, for instance, . is the set of all uniform distributions on [0, §+1] with

o~

6 € R and ¢ is the Kullback-Leibler divergence, suppsc 4 {(P*,P) = 400

whatever the choice of the estimator P and there is consequently no way
of controlling the risk as in . The situation is not much better with the
IL-loss since it requires that the densities associated to the probabilities in
A belong to L;(E, &, i), that the unknown probability P* be dominated by
the reference measure p and that its density also belong to L;(E,&, ). In
view of these disappointing observations, we see that specific assumptions
need to be made in order to deal with such loss functions. Our point of
view in this paper is to make (possibly strong) assumptions on the model
M, since it is chosen by the statistician, but to assume as little as possible
on P* since it is unknown.

Despite some differences, our approach shares some similarities with that
developed for the Hellinger loss in Baraud et al. (2017) and Baraud and
Birgé (2018)). In particular, it is also based on the existence of suitable tests
between probability “balls” (with a suitable sense when /¢ is not a genuine
distance). We shall give some general recipe about how to build such tests
for the various loss functions we consider. When applied to some specific
losses, our construction allows to recover some well-known tests while for
other losses, these tests are to our knowledge new. For example, for the
total variation distance, our testing procedure is the same as that proposed
by Devroye and Lugosi (see Devroye and Lugosi (2001))[Chapter 6]) based on
the seminal paper by Yatracos (1985|). For the Kullback-Leibler divergence
we obtain the classical likelihood ratio test while, for the LLo-distance, we
obtain the test based on the LLy-contrast. For the Wasserstein distance and
the LLj-losses with j # 2, the tests we derive from our method seem to be
new in the literature.

Our estimation procedure is based on the above-mentioned tests and re-
sults in a new class of estimators that we shall call £-estimators and which
generalize p-estimators. The study of these estimators can interestingly be
made within a unified framework even though, in order to keep the present
paper to a reasonable size, we shall mainly discuss the cases of the total
variation and Lo-losses.

Throughout the paper, we shall provide several applications to illustrate
the performances of f-estimators. Some of these will give us the opportunity
to contextualize these estimators within the literature by recovering some
known results. Other applications will produce new ones.

For the total variation loss, we show that /-estimators can achieve a con-
vergence rate which is faster than the usual 1/y/n rate. Such results contrast
with those obtained previously by Birgé (2006]) with T-estimators (see his
Corollary 6) and Devroye and Lugosi (2001) with skeleton estimators. Closer
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to our approach (for this loss) is that of Gao et al. (2018). In their paper,
these authors proposed a robust estimation of the mean of a Gaussian vec-
tor based on the observation of an n-sample. The estimator proposed by
Gao et al. in this specific framework shares some similarities with ours. It
is also obtained as the minimizer of the supremum of a random functional
over a suitable class of functions. However, our construction differs from
theirs by the choices of the classes over which the supremum and infimum
are computed.

We also address the problem of estimating a density on R? with respect
to the Lebesgue measure when the risk is defined through the Lo-loss and
without assuming that the true density is bounded in sup-norm. We are only
aware of very few results in this direction. Birgé and Massart (1998) studied
the performances of minimum [Ls-contrast estimators on linear spaces V on
which the Lo,-norm is suitably controlled by the ILs-one. Their results,
however, suffer from two limitations: the functions in V' are supported on a
compact set, say [0, 1], and V is finite dimensional. Our theory allows us to
relax these restrictions and generalize their results to an infinite dimensional
linear space of functions with possibly unbounded support (Rd typically).
For a suitable choice of the linear space V' we shall derive a uniform risk
bound over the class of all squared integrable densities that lie in a Besov
space BSOjOO(Rd) with parameters s > 2 and a > 0. This result is to our
knowledge new and generalizes that obtained by Rivoirard et al. (2011) in
the case of d = 1 and s > 2 (we also refer to Rivoirard and Reynaud-
Bouret (2010) for a lower bound on the minimax risk).

Our paper is organized as follows. We first present the statistical frame-
work as well as our main assumptions in Section 2] We shall actually con-
sider a more general framework than the one described in this introduction
since we assume the observations Xi,..., X, to be independent but not
necessarily i.i.d. We shall also allow our model .# to contain finite and
possibly signed measures, hence not only probabilities. Such models will be
useful when dealing with Lj-losses, j > 1. The heuristics underlying our
approach is also described in Section [2] as well as our main assumptions on
the loss functions we use. The estimation procedure and the general results
on the performance of f-estimators are presented in Section [3|and some con-
sequences of these results in Section [d] where we deal with the cases of the
Wasserstein and the La-losses. Our results about the risk of /-estimators for
the Lo-loss over Besov balls on R? will also be found there. We then put a
special emphasis on the total variation loss in Section [5] In particular, we
provide an illustration to the problem of estimating a non-increasing den-
sity on a half line for the L;-distance. We shall also see how ¢-estimators
associated to the total variation loss can reach rates which are faster than
1/y/n. Hellinger and Kullback-Leibler-losses will be considered in Section [f]
while Section [7] will be devoted to the comparison of the properties of p-
and f-estimators for the total variation loss. Our procedure is based on the
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existence of a family of robust tests between two probabilities whose perfor-
mance will be described in Section [8 with an emphasis on the cases of the
total variation and LL;-losses. Finally Section |§| is devoted to the proofs of
the main theorems and Section 10| to the other proofs.

2. THE STATISTICAL FRAMEWORK AND OUR MAIN ASSUMPTIONS

The statistical framework of the present paper is slightly different from
our previous description since we actually do not assume that the observa-
tions Xi,...,X,, are i.i.d. but only independent with respective marginals
Py, ..., Pr. In many cases, our statistical model will be based on the as-
sumption that the data are i.i.d. although this might not be true and our
aim will then be to analyze the behaviour of our estimator with respect to

a possible departure from the assumption that the X; are i.i.d.

Throughout this paper, & denotes a set of probabilities on (E, &) that
contains the marginal distributions Py, ..., Py, P* = Q;—, P} is the distri-
bution our observation X = (Xi,...,X,)and ? ={P =Qi., B, P, € #}
denotes the set of all product probabilities with marginals in &2. Hence, P*
belongs to &.

2.1. Notations. For convenience, we shall identify an element P = ;" P;
of & with the n-uplet (Py,...,P,). Hence, depending on the context, we
shall write P either as a product of probabilities or as an n-uplet. When we
write E[g(X)], we assume that the distribution of X is P* while Eg[f(X)]
means the expectation of f(X) when the distribution of X is S. We use the
same conventions for Var (g(X)) and Varg (f(X)).

Beside these conventions, we shall use the following notations. For x € R
and k > 0, 2% = max{0, z}* and 2* = max{0, —2}*; for z € R?, |z| denotes
the Euclidean norm of 2 and B(z,r) the closed Euclidean ball centered at
x with radius r > 0. Given a o-finite measure p on (E,€) and j > 1, we
shall denote by .Z;(F, ) the set of measurable functions f on (E, &, i) such
that HfH; = [p|fPdp < 400 and L;(E, u) the associated set of equivalent
classes on which two functions that coincide for p-almost all x € E are
indistinguishable. If d is a positive integer, we shall write .Z;(R?) and L;(R%)
for £ (E, u) and Lj(E, ) respectively when E = R?, € its Borel o-algebra
and g = A the Lebesgue measure on RY. Finally, we denote by | f| ., the
quantity sup,cp | f(x)] < 4o0.

2.2. Models. As already mentioned, our strategy for estimating P* is based
on models. This means that we assume to have at disposal a family .# of
elements of the form (P, ..., P,) where the P; are finite measures on (F, ),
possibly signed, which belong to some set .#. In most cases, the P; will be
probabilities but it will sometimes be more convenient to consider signed
measures of the form p - u where p is not necessarily a density of probability
but an element of Z;(E, u) N4 (E, p) for some j > 1.
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In the density setting, i.e. when we believe that the observations X; ..., X,
are i.i.d., although this might not be true, we shall consider a model 4
which corresponds to this belief, choosing .4 of the form {(P,...,P), P €
A} and specifying .# only. In other statistical frameworks such as the
regression one, the marginals P}, ..., Py of P* may have different features
and it shall then be convenient to consider in ./ elements of the form
(P,...,P,) with possibly different entries P;.

Throughout this paper we shall assume that .# (and therefore /4 C .#™)
is at most countable (which means finite or countable) in order to avoid
measurability issues. Since the model ./ is only assumed to provide an
approximation of P* and may not contain it, this condition is not very
restrictive: most of the models that statisticians use are separable and can
therefore be well approximated by countable subsets.

Since .# is countable, it is dominated and there exists a o-finite measure
won (E,E) for which we may write any element P € .# as P = p - pu with
p an integrable function on (E, ). Throughout the paper, we shall assume
the measure u associated to .# to be fixed once and for all and that the
statistician has chosen for each P € .# a convenient version p € 2 (F, i1)
of dP/du. We shall systematically use the corresponding lower case letter
to denote this density. This construction results in a family of densities M
associated to .. We shall sometime rather start from a countable family M
of densities in .27 (E, ) (which may not be probability densities) and then
define .# as the family of (possibly signed) finite measures {P =p-pu, p €

Given the previous framevAvoerhe observation X and the model .#Z, we
want to design an estimator P = P(X) of P* with values in .. To evaluate
its performance, we introduce a loss function £ defined on & x .# with values
in Ry. For P=(Py,...,P,) € " and Q = (Q1,...,Qn) € A", we set

3) (P.Q) =3 1P Q)

i=1
and measure the quality of an estimator P by E(P*,ﬁ). The smaller this

quantity, the better the estimator. Since, by construction, Pe M, L(PF, ﬁ)
is lower bounded by infqe 4 €(P*, Q) = £(P*, . #) and the best we can

expect is that £(P*, P) be close to £(P*, /).

2.3. Some heuristics. To simplify the presentation of our heuristics, let
us assume that the X; are actually i.i.d. with distribution P* and that the
elements of ./ take the form P®" with P € . so that £(P,Q) = nl(P,Q)
by (3). If P* were known, the loss function ¢ would provide an ordering
between the elements of .# by saying that P is better than Q if {(P*, P) <
¢(P*,Q) and an ideal point in .# for estimating P* would be a point P € .#
such that £(P*, P) = inf p¢_4 £(P*, P). Since P* is unknown, one cannot find
P.
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Assume nevertheless that we are able to approximate ¢(P*, P) — {(P*, Q)
by some statistic T'(X, P,Q) with an error bounded by A. We can use
T(X, P, Q) for testing between P and @, deciding according to the sign of
T(X, P,Q). This results in a robust test (because we do not assume that
P~ is either P or () and not even very close to any of them) between P and
@ which decides correctly provided that |[¢(P*, P) — {(P*,Q)| > A. When
(P, Q) varies among all possible pairs of probabilities within our statistical
model, we obtain a family {T'(X, P,Q), (P,Q) € .#*} of robust tests which
we can use to build an estimator of P*, or rather of P, as defined above.

Deriving an estimator from a family of robust tests is not a new problem
and methods for that have been developed a long time ago by Le Cam (1973)
and then Birgé (1983]), more recently by Baraud (2011) and then Baraud
et al. (2017) and it is actually this last recipe that we shall use here. In
Baraud et al. (2017) it was used to handle the loss £ = h? derived from the
Hellinger distance h to build p-estimators. It worked because we could (ap-
proximately) express h?(P*, P)—h?(P*, Q) as the expectation of T(X, P, Q)
or, more precisely, view T'(X, P, Q) as an empirical version of an approxima-
tion of h2(P*, P) — h?(P*, (), then use the properties of the corresponding
empirical process indexed by (P, Q) to build a suitable estimator. To mimic
this construction, we need that similar arguments could be applied to the
loss ¢ and the choice of the various losses we shall consider below follows
from these requirements. We shall explain more precisely in Sections
and what properties of the loss imply the assumptions that are needed
for our proofs.

As to the performances of the robust tests based on the sign of T'(X, P, Q)
that we mentioned previously, they are interesting by themselves and will
be studied in details in Section ]

2.4. Loss functions. Let us now provide the definitions of the various loss-
functions we shall consider in this paper.

Total variation loss (T'V-loss). The total variation distance |P — Q||
between two probabilities P, @ on (F,€) is usually defined as follows:

(4) 1P —Ql = Zlélg[P(A) —Q(A)].

The total variation loss is 4(P, Q) = || P — Q||. We shall write TV for total
variation hereafter.

Hellinger loss.The Hellinger loss is related to the Hellinger distance h,
which is defined by , by £(P,Q) = h?(P,Q). We recall that the quantity
p(P,Q) =1— h?(P,Q) is the Hellinger affinity between P and Q.

Kullback-Leibler loss (KL-loss). The Kullback-Leibler divergence K (P, Q)
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between two probabilities P = p-du and Q = ¢ - p on (E, ) is defined as

(5) K(P,Q) = { Je 10g(p/q)pc‘l,u when P < Q
400 otherwise,

with the following conventions:

0 if plx) = glx) = 0
For z € E, log (E) (x) = ¢ +oo if p(z) >0 and g(z) =0
4 —oo if p(z) =0 and ¢g(z) > 0.
In particular, exp [log(p(x)/q(z))] = p(x)/q(z) for all z € E with the con-
ventions 0/0 = 1 and a/0 = +oo for all a > 0. This results in the KL-loss,
{(P,Q) = K(P,Q).
Wasserstein loss. The (first) Wasserstein distance between two probabil-

ities P and @ on E = [0,1] (with & its Borel o-algebra) associated to the
Euclidean metric is

6)  W(rQ) [ QEIX Y= sup [E(f(X) —E(f(Y))]

= in
X~PY

where the infimum runs among all pairs (X,Y’) with marginal distributions

P and @ and the supremum among all functions f on [0, 1] which are Lip-

schitz with Lipschitz constant not larger than 1. We refer to Villani (2009)
[pages 77 and 78].

Lj-loss. Given some positive measure p on (E,€) and j € (1,+00), we
consider the set Z2; of finite and signed measures P on (E, &) of the form
P =p-pwithp e Z(E,p) N LA (E,p). It is a normed linear space with

Lj-norm given by ||P|; = [fE Ip|’ du} /]. Given two elements P = p - and
Q=q- pin ?j, we define the L;-loss £; on ﬁ] by

(7) 4(P.Q) =1IP-Ql; = UE p— dur/j-

Unlike the losses we have seen so far, the IL;-loss between P and () depends
on the choice of the reference measure p. Changing p would automatically
change the value of ¢;(P, Q).

2.5. Assumptions. As already mentioned in Section the construction
we use here only applies to some specific loss functions ¢ and countable
models .#. They are characterized by the fact that one can find a family

9(67 %) = {¢(P,Q)7 (Pv Q) € %2}
of measurable functions on (F, ) with the following properties.

Assumption 1. The elements ¢(p gy of T (£, . #) satisfy:

(i) for all P,Q € M, ¢(pq) = —b(qQ,p)- In particular, ¢ppy =0 for
all P € #;
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(ii) there exist positive numbers ag and ay such that for all S € &
and P,Q € .4,

(8) Es [¢(po)(X)] < aol(S, P) — a1((S, Q);
(iii) whatever P and Q in A,
sup |dp)(r) — dpg (@) < 1.
z,x'€R

Note that (i) and together imply that Eg [¢(q p)(X)] > a1l(S,Q) —

apl(S, P). Exchanging the roles of P and @ we get
ES [¢(P,Q) (X)] P alg(sﬂ P) - GUE(S’ Q)7
which, together with (8, implies that whatever S € & and P,Q € .«
a16(57 P) - a06(57 Q) < U/OE(S) P) - ale(S7 Q)

It ZNH # o, setting S = Q € & N in the previous inequality leads to
al g ag.

We shall sometimes reinforce Assumption [I]in the following way in order
to establish a more accurate risk bound for our estimator.

Assumption 2. Additionally to and of Assumption the

following inequality holds for some constant as > aq,
(iv) for all P,Q € # and S € 2,
Varg [¢(pg)(X)] < a2 [€(S,P) +£(5,Q)].

It is clear that if a function ¢p) satisfies and for some
positive numbers ag, a1 and ag, so does C¢(p ) for C' > 0 with the constants

Cag, Cai and C?ay in place of ag, a1 and ag respectively. Condition may
therefore be interpreted as a normalizing condition which can be applied to

any bounded function ¢p,g) that satisfies and possibly

In the condition ag > a; is only present for convenience in order to
simplify some proofs; it can easily be satisfied by enlarging the constant as
whenever necessary.

We shall see in Section [4.1] that the loss functions we have introduced
in the previous section can be associated to families .7 (¢, .#) that satisfy
Assumption [1| (and sometimes Assumption .

3. THE /-ESTIMATOR AND ITS RISK BOUND ON A MODEL

3.1. The two-points model and robust tests. Let us start by consid-
ering the case of a two-points model A/ = {P,Q} with P = (Py,..., P,),
Q= (Q1,...,Qn), the marginals P; and Q; belonging to .# for all i, while
the true distribution of X is P* = (Pf,..., P¥) which typically does not
belong to /. Estimating P* using the model .# amounts to testing be-
tween {P} and {Q} under misspecification. In this context the natural
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decision, if P* were known, would be to choose the point in .# closest

to P*, closeness being defined in terms of the loss function ¢. Using the
functions ¢(p ) € 7 (¢, .#) which satisfy Assumption (1| we define

9) T(x,P,Q) = Z(b (7,00 (wi) forall x = (21,...,2,) € E.

Proposition 1. Under Assumptz’on cmd whatever the true distri-
bution P* € &,

(10) E[T(X,P,Q)] < apl(P*,P) — a1 £(P*,Q)
and
(11) E[T(X,P,Q)] > ai£(P*,P) — apl(P*, Q).

Proof. Applying to S =P P=DP,and Q=Q; foralli € {1,...,n}
and summing the resulting inequalities leads to (10)). Analogously, using
and exchanging the roles of P and Q in leads to ([L1]). O

In order to analyze the consequences of Proposition [I], let us pretend that
a1 = ag so that ag 'E [T(X, P, Q)] = £(P*,P)—£(P*,Q). As a consequence,
the sign of E [T(X, P, Q)] indicates which element among {P, Q} minimizes
the loss to P*. Since E [T(X, P, Q)] is unknown, it is natural to replace it
by its empirical version T(X,P,Q) and to introduce a test ®p q) with
values in {0, 1} satisfying

1 if T(X,P,Q)>0
(12) ‘I’<P7Q>(X){o if T(X,P,Q)<0.

This means that we decide that P is closer to P* when ®p q)(X) = 0
and that Q is closer to P* when ®p q)(X) = 1, the choice between P and
Q being unimportant, as well as the value of ®p q), when T(X,P,Q) =

0. The performance of the test ®p q) under Assumption [I} I or I 2| will be
discussed in more detail in Section [8l

3.2. Our estimation procedure. The basic idea underlying our estima-
tion procedure is based on the following heuristics. On the basis of Propo-
sition [1| (with a; = ap as before for the sake of simplicity), a, IT(X,P,Q)
is an estimator of the difference £(P*,P) — £(P*, Q) for P and Q in .Z. If
for a fixed P € .# we believe that this estimation is uniformly good over all
Q € ., the quantity agl supqe.y T(X, P, Q) should be close to

sup [£(P*,P) —£¢(P*, Q)] =£(P*,P) — inf £(P*, Q).

Qe Qe
Since this latter quantity is minimum for the best approximation point of
P* in ./ (whenever it exists), it is natural to define our estimator as a
minimizer over .4 of the map

P~ T(X,P)= sup T(X,P,Q).
Qe
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This minimizer may not exist but hopefully only an e-minimizer is necessary.
More precisely, given € > 0, we define an f-estimator of P* in /4 as any
element P of the set

(13) E(X) = {P e M, T(X,P)< P;relfﬂ T(X,P) + e} :

As we shall see below, it is preferable to choose € small (not much larger
than 1) in order to improve the risk bound of an ¢-estimator. In particular,
if there exists an element P € .4 (not necessarily unique) such that

T(X.P)= inf T(X.P'),
‘e

we should choose it as our estimator /ﬁ
It follows from (9) and[(i)|that T(X,P) > T(X,P,P) =0forall P € ./

and consequently any element P that satisfies 0 < T(X ,ﬁ) < € is an /-
estimator.

3.3. Risk bounds of an /-estimator on a model. As suggested by the
previous heuristics, the performance of our estimator will depend on the
closeness of T(X,P,Q) from its expectation which itself depends on the
behaviour of the process Z defined on .42 by:

(P,Q) — Z(X,P,Q) =T(X,P,Q) —E [T(X,P,Q)]

(14) Z [ P;,Q; ) —B [QS(Fin)(Xi)H )

To analyze this process, we introduce the following sets, to be called balls
in the sequel, even if £ is not a distance

(15) BP*y)={Q € M, £L(P*,Q) <y} fory=0.

We then define the quantity

(16) w(P,y)=E| sup |Z(X,P,Q)|

QeAB(P*y)
The following theorem, to be proven in Section[9]below and which generalizes
Theorem 1 of Baraud and Birgé (2018]), shows that the performance of an
f-estimator only depends on the approximation quality of the model .4

and the properties of the process Z respectively described by the functions
P — £(P*,P) and w.

Theorem 1. Let Assumption |1| be satisfied, P be an arbitrary element of
M, k€ (0,1), co = ka1 /6 and set

1
V2’

(17) v(P) = L/lﬁ sup {y > 0| w(P,y) > coy }} \/
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Any L-estimator ﬁ, i.e. any element of the random set &(X) defined by ,
satisfies, with probability at least 1 — 0.37e7¢,

(PP < [a%(P*,P) NG (’;"v(P) T 252) N

1—k |aq ¢ al

]—Z(P*,//l)
for all € >0 and all P* € 2.

The proof of this theorem is postponed to Section Ol Integrating with
respect to & > 0 and using the fact that P is arbitrary in .4, we derive from
Theorem [I] an upper bound for the integrated loss of the form

1 .= _ 1. —  vP)
(18) E [ﬁE(P 7P)} < Cﬁlélfﬂ [nﬂ(P ,P) + \/ﬁl

where C' depends on the constants ag,a; and the choices of k and e¢. The
quantity v(P) is related to the complexity of the model .# in the neigh-
bourhood of P. This notion of complexity is related to that introduced
by V. Koltchinskii (2006) in risk minimization in statistical learning. Note
that the minimum in might not be achieved for the best approximation
point of P* in ./ but rather by some element P € ./ that provides the best
tradeoff between approximation and complexity at that point. However, in

many situations, the quantity v(P) can be bounded uniformly over .# by
some quantity v, = v(#,n) that only depends on n and the model. In this

case leads to
(19) C'E [1£(P* /ﬁ)} < inf lE(P* P)+ = lz(P* M)+ 2
n ’ S Pean ’ N ’ vn'

The quantity vy, //n corresponds to the bound we would get if P* did belong
to M while £(P*, _#)/n corresponds to an approximation term due to a
possible misspecification of the model. When . is a product of models for
each marginal, i.e. is of the form

(20) .//[:{P1®...®inith PlE.//h...,PnE'//n}
with .#; C . for i€ {1,...,n}, then

P, M) = (P}, #;) with E(Pf,///i)zpig/f//[(ﬂ*,P) for all i.
i=1 ¢

In density estimation where .#; = .# for all i, becomes
Un
vn

Note that the approximation term can be small even in a situation where
none of the true marginals P belongs to .Z.

We immediately notice that the bounds and become much sim-
pler when £(P*, /) = 0 which suggests the introduction of the following

(21) E {%E(P*,ﬁ)} <C

12
726(3*7%)4_
ni:l
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notations to be used throughout the paper and which generalize the case of
P* € /4 (P* belongs to the model).

22) M={PecP|U(P, M)}=0 and A ={PecP|UP,.M)}=0

In particular, when the data are truly i.i.d. with distribution P* € ., then

n

1 = = 1
—¢(P*,P) = ((P*,P - Pr ) =
LB = (PP, S U =0

and we deduce from that

BN Cv
E [¢(P*, P)| < —=.
S Bl P <5

This means that when v, is independent of n, the minimax rate over .# is
at most of order 1/y/n. This bound can be improved in the following way
under Assumption [2}

Theorem 2. Let Assumption @ be satisfied, P be an arbitrary element of
M, k€ (0,1), ¢ =2K%a3/(225az) and set

(23) DP)=sup{y >0|w(P,y) >cry}V et

Any £-estimator P satisfies, whatever P* € 2" and £ > 0,

(P, P)
2 ap 2&) s = [ — <1 15a2> € }
< — 4+ — P P)+-DP)+2| — —
1—ﬁ[<a1+15 i )+3 (P) + a1+2/~w% §+2a1
_E(P*w//l)v

with probability at least 1 — 0.42e~¢.

The proof of this theorem is also postponed to Section @ As does v(P),
the quantity D(P) measures the complexity of the model .# in the neigh-
bourhood of P. In the common situation where D(P) can be bounded by
some positive number D,, independently of P, we may derive from Theo-

rem [2| an upper bound for the integrated risk of the form

E [%(P*,ﬁ)} <C
n

1 & D,
S Uy )+
n -1 n

for some positive constant C' depending on ag, a1, as and the choices of k
and e. In density estimation, if P* = (P*)®" with P* € .# and D, is
independent of n, we derive that the minimax rate over .# with respect to
the loss ¢ is not larger than 1/n (up to a numerical constant). This is an
improvement over inequality which is solely based on Assumption
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4. EXAMPLES OF /-ESTIMATORS AND THEIR PERFORMANCES

4.1. Building suitable families .7 (¢, .#'). In order to apply Theorems
or 2 we have to find families .7 (¢, .#) which satisfy Assumptions[for[2] Let
us first explain how to build such families for three of our loss functions, i.e.
Wasserstein, IL; and TV which share the property that they can be defined
via a variational formula. Let us more precisely assume the following: the
loss function / is defined on & x & where & denotes a convex subset of the
space of finite and possibly signed measures on (E, ) and /¢ takes the form

(24) HP.Q) = sup [sap— [ saq].

where F is a class of measurable functions on (E, ). We moreover require
that the following assumption be satisfied:

Assumption 3. The class F is symmetric, i.e. if f € F then —f € F, and
it contains 0. For all P,Q in & there exists a function f*(P,Q) € F such
that

5 s | [ gar— [ o] = [ rrquar- [ rroue

fer

Finally, there exists b < 400 such that

(26) sup [[f*(PQ)lc=  sup  [fM(PQ)(z) <D
(PQIED" (PQ)EP”, 2€E

Note that one can always take f*(Q,P) = —f*(P,Q) and f*(P,P) =0
since F is symmetric and contains 0. Under Assumption [3] it is easy to
check that the loss function ¢ is nonnegative, symmetric and satisfies the
triangle inequality. It therefore satisfies all the requirements for being a

distance except from the fact that ¢(P, Q) = 0 does not necessarily implies
that P = Q.

Given a model .2 C & we consider the family a functions { fro), (PQ) €

AM*} C F where fipg) = f*(P,Q) is given by ’ f@.p) = —Jipg) and
f(P,P) = 0. We then set

(27) bdpo) = % {/ fieo——— dP+ i f(P,Q)} ;

with b provided by (26 . We can now derive the following result to be proven
in Section [10.2]

Proposition 2. Let F be a class of measurable functions that satisfies As-
sumption@ and ¢ the loss function defined by . Assume that our set of
probabilities & and our model A are subsets of@ The family T (¢, #)
which consists of all functions ¢(p ) defined by (27) for P,Q € A satisfies
Assumption []] with ag = 3/(4b) and a; = 1/(4b).

We shall now be able to deal successively with the Wasserstein, LL; and
TV-losses which do satisfy Assumption [3]
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4.2. The Wasserstein loss. As already seen in @, the 1-Wasserstein dis-
tance between P and () satisfies the variational formula

(28) W(P,Q) = sup [Ep(f) —Eq(f)]
feF

where F is the class of 1-Lipschitz functions on R. Actually we can restrict
the class F to those functions which are 1-Lipschitz and bounded by 1, as
shown by the following result to be proven in Section [10.7}

Proposition 3. The supremum in (@ is reached for the function

29) o) = /0 (ry 0> Fp) — Drp(tysrow | dt for allz € R,
which is 1-Lipschitz and satisfies || f(p,g)lloo < 1.

In this case a suitable family 7 (¢, .#) can be defined according to (27))
and the following result is an immediate consequence of Proposition 2| with
b=1.

Corollary 1. Let & be the set of all probabilities on ([0,1], #([0,1])), A4
a countable subset of & and L the loss defined for P,Q € & by {(P,Q) =
W(P,Q). The family T (L, #) of functions ¢(P,Q) given by

1 (1
(30) dro) =5 {5 (Er [fira] +Eo [fira)]) - f(RQ)} for P.Q € A,

2
with fpq) defined by @), satisfies Assumption with ap = 3/4 and a; =
1/4.
The following result holds.

Proposition 4. Let P and @ be two probabilities in & with distribution
functions Fp and Fg respectively. Then,

T(X,P*",Q%")

= Fp(t) + Fo(t)

Fn(t) - 2 dt,

1 /1
- 5/0 [HFQ(t)>FP(t) - ﬂFP(t)>FQ(t)}
where F,, denotes the empirical distribution function.

Proof. 1t follows from that for all s € {1,...,n},
1
fipg)(Xi) = /0 [ﬂFQ(t)>Fp(t) - ]le(t)>FQ(t)} Iy x,dt

1
= /0 [Lrg(y>Fo) = Lepty>rom | [1 — Ixcd dt

and for all probability R € & with distribution function Ffg,

1
Er [fipg)(X)] = /0 []IFQ(t)>FP(t) - ﬂFp(t)>FQ(t):| [1 — Fg(t)] dt.
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Hence, for all i € {1,...,n}

1 (1
b (X = 3 {2 (B [fn) +Ee o)) - fea (X))

1 139109) +FP(t)H

1
2 Uo ra(t>Fr(t) ~ Lept)> o) [ﬂxz@ - 2

and since T(X, P®", Q%") = YL ¢(pq)(Xi), the result follows by sum-
ming over i € {1,...,n}. O

Example 1. Let & be the set of all probability distributions on [0, 1] and
our observations X7,..., X, be independent with values in [0,1] but pre-
sumably i.i.d. with a common distribution close to a model .Z C &. Our
aim is to estimate P* using the Wasserstein loss. One can then derive the
following consequence of Theorem [I]

Corollary 2. Whatever the model 4 and & > 0, any £-estimator Pe.u
satisfies, with probability at least 1 — 0.37e~¢,

LW P <t 2 S W ”th M]

i=1

If, in particular, the data are truly i.i.d. with distribution P* € A, for all
€ > 0 and with probability at least 1 — 0.37e~¢,

W (P*,P) < \F[\f—k\[ \6/5]

The proof of this corollary is postponed to Section [I0.10] Note that
the bound does not depend on the complexity of the model .# which can
therefore be as large as desired in & provided that it remains countable.

Let us notice that, whenever the empirical measure P, = n=! ", §x,

belongs to the model ., it is an f-estimator. It indeed follows from Propo—
sition [4] that for all Q € .#,

T(X, 2", Q%")

1 1 —~ 1, ~
= 5/0 gt~ Yoo |Fn(®) = 5 (Falt) + Fo(®)) ] de

- 1/0 [HFQ(t)M?n(t) N ﬂfn(t)>FQ(t)] [ﬁn(t) - FQ(t)] dt

_111/01 ’Fn(t) —FQ(t)’dt.

Hence supge 4 T(X, Pen Q®n) =0 if P, € M, which proves that P, is an
{-estimator.
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4.3. The Lj-loss for j € (1,400). It is well-known that
(31) 4(P,Q) = sup/ (p = a)fdp,
ferFJE

which is , where F is the class of functions f € £ (F,p) satisfying
11l <1 where j' is the conjugate exponent j/(j — 1) of j. It follows from

Holder inequality (actually from the case of equality), that the supremum
in is reached for

) e (R
1
lp —qlly
In particular, when j = 2, we get f(po) = (p—q)/llp—all,-

Corollary 3. Let j € (1,+00). Assume that the set of probabilities & and
the countable model A are two subsets of & and that there exists a number
R > 0 such that

(32)  firo) = when P # Q and fpp)=0.

(33) lp—dllo < Rllp—gqll; foralPQe.#.

The family T (L, ) of functions ¢(pqy for P,Q € A defined by
1 1

(34) PPQ) = 3R {5 /E firo) (p+q)dp — f(P,Q)}

with fpq) given by , satisfies Assumptz'on with ag = 3/(4R7™1) and
a1 = 1/(4R771) for the loss {;.

Proof. Tt follows from (32) and (33) that | fp.o) || = lp — alls Ip — all} ™ <
RI~! and we simply apply Proposition [2| with b = R/, O

When j = 2, we get

(20 - llall3) = (20— IIpl13)
4RHP—QH2 ’

(35) PPQ) =

and for P,Q € .#

X, per Qwn
n b 7@ )

= |23 a - | - | 2 30w - 1o

4.3.1. The quadratic loss and linear models of densities. In this section, we
assume that the marginal distributions P} of the data X = (X1,...,X,)
admit densities p; with respect to some positive dominating measure p and
that pt,...,p) belong to £ (FE, u). Our set & is the set of all probabilities
P =p-pwith p € %(FE,un). We shall consider the density framework,
assuming that the data are i.i.d., even though this might not be true. The

presumed common density of the data will be approximated by a model
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M C L(E, p) N A (E, 1) which may contain functions p that might not
be probability densities. For P € &" and Q € .#", according to (7)), we
consider the loss function

Q) => t(pia)=_lpi— ¢l
i=1 i=1

where p; and ¢; denote, as usual, versions of the densities of the components
P; and Q; with respect to p for alli € {1,...,n}. We shall moreover assume
here that M is a subset of some linear subspace V' of % (F, ) such that
the restriction to V of |||, is a norm which turns V into a Hilbert space
satisfying the following property:

Assumption 4. There exists a positive number R such that
(36) It < RIIHl, forallteV.

When E is a compact space, typically [0, 1], this assumption is met for
many finite dimensional spaces with good approximation properties as shown
in Birgé and Massart (1998])[Section 3]. Nevertheless, our approach allows
us to consider more general situations where the set E is not compact and
V possibly infinite dimensional. Illustrations will be given in Section [4.3.2]

In this framework, we shall use the family .7 (¢, .#) of functions given
by to build our f-estimator. Its performance is given by the following
result to be proven in Section [TI0.15]

Corollary 4. Assume that M is a subset of a Hilbert space | VC Z(Eun

L (E, i) which satisfies Assumptzonl Any L-estimator P= D - for the
Lo-loss based on M satisfies for all £ > 0

1 & VE € 8RV2
- mf 1+ — )
) 2t =l < [Zwm MJ +1e B =] B

with probability at least 1 — 0.37e~%. In the case of truly i.i.d. observations
X, with density p*, we get

3%) E[lp-pX)3] <C

for some universal constant C' > 0.

n

R2
inf [lp* — pll2 [1 } =il
Jnf " = pll; + |1+ VE+ = ] :

It is important to notice that the bound we get does not depend on the
dimension of the linear space V' (which can therefore be infinite) but rather
on the constant R that controls the ratio between the sup-norm and the
ILo-norm on V.

In density estimation when pf = p* € Z(u) for all i, there exists a large
amount of literature on the problem of estimating p* with respect to the
Lo-norm. A nice feature of lies in the fact that it does not involve the
sup-norm of the density p* which may therefore be unbounded. Birgé and
Massart (1998)[Theorem 2 p. 343] studied the property of the projection
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estimator on finite dimensional linear spaces V satisfying , typically
linear spaces of functions on [0, 1]¢. Our result generalizes theirs.

4.3.2. Risk bounds for the quadratic loss over Besov spaces. In this section
we consider the problem of estimating a density p* with respect to the
Lebesgue measure on £ = R¢, under the assumption that p* is close to
a given Besov space B (RY) with o > 0 and s € [2,400). We refer to
Meyer (1992) for a definition of these classes of functions and to Giné and
Nickl (2016]) Section 4.3.6 for their characterisation in terms of coefficients
in a suitable wavelet basis. We choose the Lo-norm as our loss function.

Proposition 5. Let s > 2, d > 1 and o > 0. There exist two constants
K, K’ depending on d,« and s with the following properties. For all J > 0,
there exists a linear subspace Vy of L1 (RY) N % (RY) such that (Vy,||||y)
is a Hilbert space satisfying Assumption |Z| with R = K27%2 and, for all
f € B¢ (RN N 2 (RY) N L(RY),

(39) inf |1 — tll3 < K|S0 52T o e
teVy ™
where \f|a7&OO is the Besov semi-norm of [ in Bgoo(Rd).

The proof of this approximation result is postponed to Section In
the right-hand side of , we use the convention 0° = 0 when s = 2 and
| fll; = 0. Note that this approximation bound neither depends on the
Lo-norm nor on the sup-norm of f which may therefore be arbitrarily large.

Corollary 5. Let s > 2, « >0, r>0,d > 1 and }“is’oo(r) be the class

of all probability densities p on R? that belong to Bgoo(Rd) N % (RY) and
such that their Besov semi-norms are bounded by v > 0. There exists an
L-estimator (€ being the La-loss) p that satisfies, whatever the density p* of
the XZ',
ds/[d(s—1)+sq] 1
* =~ 2 . * 2 r
Ellp" —pX)E] < C | inf =Pl + ey |

a,s,00\T

where C' is a positive number that depends on s,d,«a and € only.

An interesting feature of this result lies in the fact that the class Fg¢ . (r)
contains densities that are neither compactly supported nor bounded in
supremum norm when o < 1/s. We are not aware of many results in this di-
rection. When d = 1 and for r,7’ > 0, the bound we get is known to be opti-
mal (up to a constant that depends on 7', @ and s) over the smaller set of den-
sities p* which satisfy |[p*|[, V [|p*]|, < 7" and belong to BS',(R) with Besov
norms bounded by 7. We refer the reader to Rivoirard et al. (2011))[The-
orem 4] and the references therein. Besides, the authors obtain there (see
their Theorem 3) an upper bound which is similar to ours. However there
exist a few differences between their bound and ours: our result does not
require that the densities p* be uniformly bounded in Lo(R) and it includes
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the case where s = 2 while theirs is only true for s > 2. Their estimator
is adaptive with respect to the parameters of the Besov space while ours is
not. This could explain the extra-logarithmic factor that appears in their
risk bound. Nevertheless, we believe that this extra-logarithmic factor is
actually not necessary for adaptation.

Proof. Throughout this proof, we fix some probability density p in ]-'37 s.00(T)-
Let J be the nonnegative integer which satisfies

2,] < 1 \/ (n,rs/(871))(5_1)/[d(s_1)+8a] < 2J+1

and V; be the Hilbert space provided by Proposition [5| for this value of .J.
We consider the model of (signed) densities M = V; (or more precisely a
countable dense subset of it with respect to the LLe-norm). Since by Propo-
sition [5| the space V satisfies Assumption 4| with R = K2/%/2 Corollary
applies and implies that an f-estimator p of p* based on M satisfies

2Jd
40)  E||lp* —p(X)|3] < Co |Ip* = Dl3+ inf |p—plF+—],
(40)  E[lp" —PX)I3] < Co|Ip" =Pl + inf Ip—pl3+ =
where Cj is a positive constant that only depends on d, s,a and €. Since p
belongs to Bgfoo(Rd) N % (R?) and satisfies [pla,s.0co < 7, it follows from
that we may choose p € M such that

lp — Bl|2 < K'r®/(s=Dg=Jsa/(s=1)

with a possibly enlarged value of K’. Our choice of J then implies that

s/ld(s— sa 2Jd s/ld(s— sa 1
Ip—pl3 < &' (=) 7TV g S g (e MO

n n

The final bound on E [||p* —p(X) Hg} follows from and a minimization

with respect to p € .7-"3,8700(7"). O
4.3.3. The LLj-loss for models of piecewise constant functions. Let us con-
sider the LL;-loss with j € (1, +00) and the problem of evaluating the perfor-
mance of an f-estimator relative to the set Mp of all densities (with respect
to some probability u on E) which are piecewise constant on a fixed par-
tition Z of E into D > 2 pieces satisfying u(I) = 1/D for all I € Z. The
following result to be proven in Section holds.

Corollary 6. Let D € {1,...,n}, j € (1,+00) and M be a countable and
dense subset of Mp (for the L;-norm). Assume that the data are i.i.d. with
distribution P* = p* - p with p* € L;(p) and j € (1,400) and set

. 2/5
Polya = [ [ ol an]  witn pp= Y
B 1€z

D [ (@) duta)| 1.
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The (-estimator p of p* on M for the LL;j-loss satisfies for some constant
C > 0 depending on j only and all £ > 0,

€ D
inf p*—p.—l-(l—k 5—&—*) —\Pplli/0l
Jint el (Ve )yl

with probability at least 1 — 0.37e~¢

(41) [lp"=pll; <C

Up to a constant depending on €, the quantity

* D —
Bjn,n(p") = \ " ||pDHj/2

is the risk bound we would get if p* did belong to Mp. Let us further
analyze this quantity. The function pp is a density which belongs to Mp.
If we set ay = D pr*(:L‘) du(x) € [0, D] for all I € Z, it satisfies

_ j/2 2 _
IBpl% = Z 7 and gl == Zal—l
IEI IeZ

In particular, By, p(p*) = /D/n. It follows from convexity arguments
that for j > 2,

i/2
/2-1 _ 1yj/2-1
E as HpDH 2 maxajl <D
( Tez ) I Ier

while for j € (1,2),

/2
Dj/Qil < Ilneijr:laJI/Q_ H D‘ /2 < < Zal> =1.

IeT
As a consequence,

D pDi-1/j .
(42) \/: < Bjnp(p*) < T for j > 2,

while

4 cw \/ f (1,2
[ <
( 3) \/7’»71 ]nD n OI‘] E )

The lower bound in corresponds to the situation where Pp = pp-p =
(uniform distribution on E with respect to p) while the upper bound is
achieved in the least favorable situation where p, = D1 for some I € Z
(uniform distribution on I). The situation is exactely the opposite when
€ (1,2). Note that when j approches 1 and the distribution Pp is uniform
over one of the intervals I € Z, the bound we get is almost of order 1//n.
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5. THE CASE OF THE TV-LOSS

5.1. Building suitable families .7 (¢, .#). 1t is well-known that the TV-
distance || P — Q|| between two probabilities P, Q on (E,£) given by (4) can
equivalently be written as sup;cr [Ep(f) — Eq(f)] where F is the set of
all measurable functions f with values in [0,1]. This class does not satisfy
Assumption [3] by lack of symmetry but we can equivalently write

(44) 1P = QI = sup [Ep(f) —Eq(f)],
ferF

where F is now the set of all measurable functions with values in [—1/2,1/2],
which is symmetric and satisfies supc 7 || f|l . < 1/2. The supremum in
is then reached for f(p gy = 1,54 — 1/2 where p and g denote versions of the
respective densities of P and () with respect to some common dominating
measure. It follows that holds with b = 1/2 and a straightforward
application of Proposition [2] leads to

Corollary 7. Let & be the set of all probabilities on (E,&), M a subset
of P and L be the TV-loss defined by {(P,Q) = ||P — Q|| for all P,Q € Z.
The family T (L, M) of functions ¢(pqy defined for all P,Q € .4 by

(15) b0 = 3 [P (0> )+ Q0> 0)] - Tpsg

satisfies Assumption |1| with ag = 3/2 and a1 = 1/2.

The /-estimator based on M is therefore an e-minimizer of the function
defined for p € M by

@) s [LPG> ) +QE> 0l - 2 1y (X)
geM gt

5.2. Risk bounds based on VC-dimensions. In this section, & is the
set of all probabilities on (F,€) and we pretend that our observations
X1,...,X, are i.i.d. with a distribution P belonging to a statistical model
M C . Given some dominating measure p, we recall that we may asso-
ciate to .# a family M of densities on E such that .# = {P =p-u, p € M}.
Given a density p € M, we consider the following assumption relative to it.

Assumption 5. The class of subsets of E: {{z|p(z) > q(x)}, ¢ € M} is
VC with dimension not larger than V(p) > 1.

We refer the reader to Dudley (1984) for the definition of the VC-dimension
of a class of sets. The family of sets of the form {p > ¢} with p,q € M are
known as the Yatracos class associated to M. Assumption [5]is weaker than
the usual assumption that the Yatracos class {{z |p(z) > q(z)}, p,q € M}
is VC (see Devroye and Lugosi (2001) for example). In particular, we shall
see how to take advantage of this weaker form in our Example [3|
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Corollary 8. Letp € M satisfy Assumption @ For any £—estimator Pe.
and all € > 0, with a probability at least 1 — 0.37e~¢,

_Pugf

7 3 S0

nz:l ' nz:l '
V() [S€ 2
(47) Ly /YR B8 2
n n n

In particular, if Assumption@ is satisfied for allp € M and supge p V(P) =

V < +o0,
(as) L n —ﬁH inf —ZHP* PH+179\/ \/ i.
n “ Pea#n “

The proof of this corollary is postponed to Section [10.12
When the X; are truly i.i.d. with distribution P*, becomes

(49) |P*=P|| <5 inf |yP*—P|y+179\/7+ \/§+%
Pe n n o n

Whenever P* = p* - i1 is absolutely continuous with respect to u, the above
result immediately translates into an upper bound on the L;-loss between
the densities of P* and P via the well-known formula

AP dQ
P— -
1P - Q| = / g

Integrating with respect to &, we deduce a risk bound of the form

i%
o [ -] <[y, - 7]
Elp pl dp CplélME|p pldu + -

for some positive number C' > 0. Up to the numerical constant C' > 0, this
bound is similar to that obtained for the minimum distance estimator in
Devroye and Lugosi (2001)).

When P* belongs to .#, i.e. the closure of .# with respect to the TV-
distance, tells us that our f-estimator provides an estimation accu-
racy of order /V/n with probability close to 1. The approximation term
infpe 4 ||P* — P|| shows that this accuracy is still of the same order when
the distance between P* and .# remains small enough compared to /V/n,
which means that the estimator possesses some robustness property with re-
spect to some possible misspecification of the model. Inequality shows
that it is also robust with respect to the assumption that the data are truly
i.i.d.: if the true distribution P* of X is close to some distribution P = P°"
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with P € .#, we deduce from (48)) that, with probability at least 1—0.37¢~¢,

— — 1
B L B

=1
—PH+179\/7+ \/§+§
n n n

The performance of /ﬁ, viewed as an estimator of P € #, is only slightly
modified when P* % P°" provided that 37

compared to y/V/n.

Example 2. To illustrate the robustness property of the f-estimator for
the TV-loss, let us focus on the following problem. The observations are
presumed to be i.i.d. and have a common Gaussian distribution P+ =
N(m*, I;) in R? with mean vector m* and identity covariance matrix, but
they are actually contaminated so that, for 1 < i < n, the true distribution
of X; is actually P = (1 — «;) Py» + o R; for some arbitrary probabilities
R; and small numbers «; € [0,1]. We choose for our model the family .#
of Gaussian distributions P, with mean m € Q¢ and identity covariance
matrix. Denoting by p,, the density of P,,, we see that for all m,m € Q¢,
the set {z € R%, p,,(x) = pm(z)} is either R? (when 71 = m) or closed half-
spaces of R?. The VC-dimension of this class is not larger than V = d + 1
(see Devroye and Lugosi (2001)), Corollary 4.2 page 33). The class of the
complementary sets possess the same VC-dimension, hence Assumption [5] is
satisfied with V(p) =V = d+1 for all p € M. Besides, the following lemma
to be proven in Section [I0.13] allows to relate the TV-distance between P,
and P, to the Euclidean distance between the parameters m and m/.

-7

(50) < n;‘P*

- P H /m is small enough

Lemma 1. For all m,m’ € R,
(51) [P — P | =P [|1Z] < |m —m'| /2]

where Z is a standard real-valued Gaussian random variable. Consequently,

. \m—m’]} ) { ]m—m’\}
52 0.78 min {1, ——— < || P — Pl £ min (1, ———— .

This means that when m’ is close to m the quantity || P, — P,| is of
order |m — m/| /v/2m while it is of order 1 when m/ is far away from m.

As a consequence of (50 with P = Py« and (52 . ) we deduce that, whatever
& > 0, with probability at least 1 —0.37e~¢, the f-estimator P= Py; satisfies

. !m—m!}
0.78 min {1, —— &< || P — P
L} <P Pa

6 & d+1 8 2
53 — P} — Pm|| + 179/ —— — + —
(53) ngllz [+ 179y —— /> + =
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Since m can be arbitrarily close to m* and the map m — ||P} — Py is
continuous with respect to the Euclidean norm on R¢ for all i € {1,...,n},
we obtain that, for & > 0, with probability at least 1 — 0.37e~¢, the /-
estimator P = Py; satisfies

min 1, ————
V2T

77 & d+1

(54) <> |IP} — Pl +230\/ +\/
n = n

In particular, since P} — P+ = «j(R; — P+ ) for each i € {1,...,n}

_ |m* — ﬁ|} 7.7 & \/d +1 \/13.25 2.6¢
55 {1, <= ; + 230 ,

which establishes some robustness property of the /-estimator m with respect
to a possible contamination of the data.

When «; = « for all i, is similar to the bound obtained in Gao et
al. (2018)[Theorem 3.1] for TV-Gan in this setting.

1326 2.6¢
+ =
n n

An interesting feature of Corollary [8] and more precisely lies in the
fact that the upper bound involves the quantity V' (p) which may depend on
the choice of p. This means that the best choice of p in view of minimizing the
right-hand side of might not be the density of the best approximation
point of P* in .#. From this point of view, contrasts with which
requires that for all p € M this quantity be bounded independently of p.
This subtle difference allows us to deal with statistical models for which the
quantity V' (p) can be very different from a density p to another and possibly
even infinite for some p. The following example provides a good illustration
of this fact.

Example 3. Let us consider the problem of estimating a density which is
presumably belonging to the set M of all non-increasing densities supported
by some unknown half line, i.e. densities (with respect to the Lebesgue
measure A) which are non-increasing on an interval of the form (a,+00)
with @ € R and vanish elsewhere. For d > 1, let M, be the subset of M
of those densities of the form p = > ;c7a;l; where Z is a set of at most d
disjoint intervals with positive lengths and a;y > 0 for all I € Z. In other
words, M, is the set of all non-increasing piecewise constant densities the
supports of which are the unions of at most d (non-trivial) intervals. We
shall denote by .#Z 4 = {p-\, p € My} the corresponding set of probabilities
and by My and M respectively some countable and dense subsets of My
and M for the LLj()\)-distance. We shall assume with no loss of generality
that My C M for all d > 1.

Given ¢ € M and p € My, the set {p > ¢} is the union of at most d inter-
vals and by applying Lemma 1 in Baraud and Birgé (2016|) we deduce that
Assumption [5| is satisfied with V(p) = 2d. We may then apply Corollary
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with an arbitrary choice of d > 1 and p € My (with P =p - \). Since My
is dense in My for all d > 1, we get

PropositiorLG. For all £ > 0, with a probability at least 1 — 0.37e~¢, the

{—estimator P =D - A based on M satisfies
1 & 6 — — 2d
=3 of =3[P =P+ 179y =
n i=1 Pesyq M i=1 n

(56) +\/§5+i€.

In particular, if the data are i.i.d. with density p*,

2d 8  2e¢
* Pl < inf [lp* —p NEL \/>
(57) P =Pl < inf [ﬁpg}idllp Bl + 179 n] TRV

with probability at least 1 — 0.37e~¢, for all € > 0.

Pr— ﬁH < inf

inf — ‘
=1 |p

Let M(H, L) be the subset of M consisting of those densities p such
that I = {z|p(z) > 0} is an interval of length not larger than L > 0 and
the variation of p on I, i.e. the quantity sup,c;p(z) — infierp(z), is not
larger than H > 0. The following approximation result which is due to
Birgé (1987)[see Section 2 pages 1014-1015] allows us to derive uniform risk
bounds over M(H, L).

Proposition 7. Let p € M(H, L) with H >0 and L > 0. For each d > 1,
there is an histogram pg; € My such that

log(HL + 1)} 1

(58) Ip 7l < exp | 20

A remarkable feature of this result lies in the fact that, for large enough
values of d, the approximation bound is of order log(1+ H L)/d and therefore
only depends logarithmically on H L. From this point of view, it significantly
improves the usual approximation bound H L/d which can easily be obtained
by approximating p with an histogram based on a regular partition of the
support of p into d pieces.

Using Proposition |7| together with and optimizing with respect to d
leads to the following risk bound.

Proposition 8. Let p be the (-estimator of Proposition [6. There exists a
universal constant C' > 0 such that whatever H > 0, L > 0, p* € M(H, L)
and & > 0,

(59) [lp* —pll, <C

n

{log(l + HL)} 1/3 . [log(l + HnL) +1+ 5} 1/2 N ;]

with probability at least 1 — e~¢.
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5.3. Robust regression with unimodal errors. In this section &2 is the
set of all probabilities on F = R, ¢ a given density on R (with respect to
the Lebesgue measure) and Py the distribution with density g9 = q(- — )
for 6 € R. For @ = (04,...,0,) € R", we denote by Py the distribution
Py, ®...®@Py,, i.e. the distribution of a random vector of the form X' = 8+¢
where the components €1, ...,e, of € are i.i.d. with density ¢q. The vector
0 will be called the location parameter of the distribution Py. We actually
assume that the true distribution P* = P} ® ... ® P} of our observation
X is close to a probability of the form Pz and, in view of estimating the
location parameter @, we make the assumption that it belongs to some
(countable) subset © of R™. Our model for the distribution P* is therefore
M = {Py, 6 € O} and we shall use it to estimate P* with the TV-distance
as our loss.

Assumption 6. The density q is unimodal on R and © is a subset of a
linear subspace of R™ with dimension d > 1.

Under this assumption, we shall prove in Section the following risk
bound when ¢ is the TV-loss and .7 (¢, #') has been chosen accordingly by

(45).
Corollary 9. If Assumptz’on@ is satisfied, any £-estimator Py = @, Py €
M satisfies, for all € > 0, with a probability at least 1 — 0.37e~¢,

1 & 1 [d+1  [3€ 2
60) — < 5inf — Pr — Py, 5524/ —— — 4+ —.
( )n;’ 9@‘ euel®nzz::1||l bl + n + n+n

P -F;
To illustrate this result, let us consider the following example.

Example 4. Let X1,..., X, be independent random variables with respec-
tive distributions Py, ..., P;. We pretend, even though this might not be
true, that the observations are of the form

(61) X, =0 +¢ fori=1,...,n,

where 0% = (07, ...,0%) belongs to R" and 1, . .., &,, are i.i.d. with density ¢ :
x> [7(1 +22)]7! (Cauchy distribution) and our purpose is to estimate 6*.
This framework can be viewed as a regression where the errors are Cauchy
distributed and the 6; correspond to the values of a regression function

at some fixed point. The proof of the following lemma is postponed to
Section [T0.14]
Lemma 2. For all 0,0’ € R,

2 6—0
(62) |Py — Py|| = - arctan | 5 |,

in particular

|6 — 0]

|0 0]
m
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We can now deduce the following result from Corollary [9]

Corollary 10. Let V be a linear subspace of R™ with dimension d > 1 and
consider the (possibly approximate) statistical model given by for the
data X1,...,X,. There exists an {-estimator 0 = (51, .. ,én) with values
in'V such that for all € > 0, with probability at least 1 — e~¢,

0.639 < | |07 — s 6
> A<
n N i ’I’l:

5 "0 —6;
e S|
neevizl s

d+1 8¢ 2
NN
n n n

Let us now analyze this bound. The first term > ;°

By — By

Pg*
sures how well our model describes the data. In partlcular, it P = Pgi*
for all ¢ except for those in a subset I C {1,...,n},

1

/m mea-

and the risk bound we get does not deteriorate much as long as |I| remains
small enough compared to y/n(d + 1). When Pf = Py for all 4, the bound
we get corresponds, up to a remainder term, to the classical decomposition
of the risk into an approximation term

1 |07 — 0] }
— f [ 1l < — f E X
y A m |07 —

™ 6

which measures how well the linear space V' approximates the parameter 6*
and a complexity term 4/(d + 1)/n that depends on the dimension of the
model.

Proof. Let © be a countable and dense subset of V with respect to the
Euclidean norm. Since © is a subset of a linear space with dimension d >
1 and ¢ is unimodal, we deduce from Corollary [9] that there exists an (-
estimator @ with values in © C V that satisfies 1@} . It follows from Lemma
that 6 — >, || P} — Py, is continuous on R™, hence

* . 1 *
(64) elg(g*ZHP Peill—;ggﬁgllﬂ- ~ Pyl
and that
0.639 I~ | |07 — 0:
I R R

<13 Jr - n

I NgER

1
n
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The result follows by combining this last inequality with , and .
O

5.4. Faster rates under Assumption |2, Although they share some sim-
ilar features, the f-estimator based on the approximate minimization with
respect to p € M of looks different from that proposed by Devroye and
Lugosi (2001)[Chapter 7] and Gao et al. (2018). Unlike their results, we
shall prove that the f-estimator may converge at a rate which can be faster
than 1/4/n provided that the model .# satisfies our Assumption . To check
whether this assumption is fulfilled on M, one may use the following result
and the fact that Varg [qﬁ(P,Q) (X)] = S(p > q)S(p < ¢) for all probabilities
S.

Proposition 9. If there exists a constant ay, > 0 such that

(65) Plp<q)AQ(p>q) <ay|P - Ql

for all probabilities P, Q in .# , then for all probabilities S € &

(66) S(p>@)S(p<q) <S> ASp<qg) <az[l|S—P|+5- Q]

with ag = 1+ ab. Hence the family T (L, #) defined in Corollary@ satisfies
Assumption [3.

The proof is postponed to Section Let us comment on our Condi-
tion (65)). The testing affinity between two probabilities P and @ (see Le
Cam (1973; |1986)) is defined as

7T(P,Q)Z/E(JDMJ)du:P(péq)JrQ(p>q)=P(p<q)+Q(p>q)

and it satisfies 7(P, Q) = 1—||P—Q)||. It corresponds to the sum of the errors
of first and second kinds of the (optimal) test function 1,>, when testing
P versus ) on the basis of a single observation. In many situations, when
P and Q are close with respect to the TV-distance, both errors are close
to 1/2 but this is not the case when holds: one of the testing errors is
close to 0 and the other close to 1. To illustrate this fact, let us present two
examples in the translation model, i.e. when M = {pg = p(- — ), 6 € Q}
for some density p with respect to the Lebesgue measure p on R. We shall
denote by Py the probability associated to the density pg.

Example 5. The density p = 1[_1/51/9] is that of the uniform distribution
on [—1/2,1/2]. Tt is easy to see that for all 6,0" € R, Py(py > per) = 0.
Hence

Py(po < per) A Por(pg > por) = Pyr(po > pgr) = 0 < ay || Py — Py||
and Condition is therefore satisfied with a5 = 0.

Example 6. We take for p the unbounded density x +— oza:o‘_lll((m for some
a € (0,1). Note that for 8 > ¢, Py(pg < pgr) = Py(pg < pgr) = 0, hence

Py(po < por) N Py (po > por) < Po(pg < por) =0
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and for 6 < ¢,
Py(po < por) N\ Po(pg > por) < Por(po > por) = 0.
Condition is therefore satisfied with a5 = 0.

Let us now go back to the framework of Section [5.2] assuming moreover
that the observations Xi,..., X, are (truly) i.i.d. with distribution P* and
that the family M of densities associated to our statistical model .# satisfies
Assumption

When the true distribution P* has a density p* with | respect to p which
belongs to M = {pp = p(-—0), 0 € R}, shows that P estimates P* with
an accuracy at least of order 1/y/n with respect to the TV-distance. This
order of magnitude (with respect to the number n of observations, omitting
here the dependency with respect to V') is optimal in many statistical models
including the Gaussian one that we considered at the end of Section [5.2]
However, for some other models it is well-known to be suboptimal. This is
for example the case for the family of uniform distributions on [0 —1/2,60 +
1/2] with # € R for which one can estimate both the true distribution
(with respect to the TV-distance) and the parameter 6 (with respect to the
Euclidean distance) at the rate 1/n. We have seen in Example [5| that this
statistical model actually fulfills our Assumption [2] Under this assumption,
the result of Corollary [§ can actually be improved as shown by the following
result to be proven in Section

Corollary 11. Assume that X1,...X, are i.i.d. with distribution P* and
that Assumption @ and Condition @ are both satisfied. Then any (-

estimator P € .4 based on the family T (U, #') provided by Corollary E
satisfies, for all € > 0, with a probability at least 1 — 0.42e¢,

o= 7] < o, 17—

2en
VAn

£

n

V
(67) + ca3— log ( ) +9.16 (1 + 120a2) =~ + 2.357
n n

where ¢ is a positive numerical constant (c = 3 x 10 suits).

In view of illustrating this result, let us go back to our Example [f] for
which we know that holds with a) = 0, hence one may take as = 1.
For all 0,6 € R, the set {x € R, pp(z) > pp(x)} is an interval and such a
class of subsets of R cannot shatter more than 2 points. Consequently, our
Assumption [f]is satisfied with V' = 2. It then follows from Corollary [I1] that,
whatever the true distribution P* of our observations, with a probability at
least 1 — 0.42¢~¢,

(68) |pr-P|<c [Pigf/\p* — P+ w

)

for some constant C' > 0 that only depends on the choice of e.
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For this particular translation model, the T'V-distance between two prob-
abilities Py and Py in .# can be related to the Euclidean distance between
their parameters by arguing as follows. First of all, it is not difficult to check
that the testing affinity between Py and Py (with 6 < 6') writes as

0’ 146 146’
(Py, Py) :/ (po A pyr) dA = 0d>\+/ png/ 0d)
R 6 o’ 1+6

=[(x—0)°p" =1-0 —0* when ¢’ <6+1
and 7(Py, Py) = 0 for ' > 6 + 1 since the supports of Py and Py are then
disjoint. Consequently, for all 6,0 € R

|Py— Pyl =1—m(Py,Py)=10—-6'|" N1,
which means, using the triangle inequality, that if P* is close to some dis-
tribution P; € .4, by , the estimator P = P; of P* satisfies, with a
probability at least 1 — 0.426_5,
_ g 1 1
[o-8" n1] =P Pi| < c {2 |P* - By + 8T S 5} .
n

In particular, if P* belongs to .Z, i.e. P* = Py for some 0 € R, and if
n is large enough, the estimator 6 estimates § with an accuracy of order
(logn/n)'/®. This rate is much faster than 1//n whatever o € (0,1) and is
optimal up to the logarithmic factor.

It is not difficult to check that the above calculations extend to the case
a = 1, i.e. when the statistical model is the translation of the uniform
density p = 1|_1/2,1/9] as in Example The f-estimator then converges
at rate (at least) logn/n in this case. In particular, it does not coincide
with the empirical median which is known to converge at rate 1/4/n. Note
that this result is not contradictory to our Proposition (14| (presented in our
Section[7.1]below) since the density p is not a decreasing function of |z|. This

proves, in passing, that our assumption that f is decreasing is necessary in
our Assumption [7}

6. HELLINGER AND KL-LOSSES

6.1. Building suitable families .7 (¢, #). The Hellinger and KL-losses
cannot be defined by variational formulas like and but, as we shall
see, satisfy the following alternative expressions:

©9) (P =suw| [ 1P AQ.D| = [ finaP - @ fira),

fer
for some class of functions F and a fixed function A on & x F (where &
denotes a convex set of probabilities. Observe that and are actually
a special case of when A(Q, f) = [ fdQ.
A common feature of losses of the forms and lies in the fact that

we know where the supremum is reached, i.e. we have identified a function
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f(P,Q) such that E(P, Q) = fE f(p7Q)dP — A(Q,f(]{Q)) When A(Q,f) =
| fd@Q, Proposition [2] tells us that a recipe to build up candidate functions
¢(p,q) satisfying our Assumption is given by . We shall actually use the

same recipe for other functions A, setting, for P,Q € P, R=(P+Q)/2c P
(since & is convex) and

(70) ¢ =C [(firp) — MP, frp)) — (fro) — MQ: fro))] >
where C denotes a positive normalizing constant that is chosen for ¢(p ) to
satisfy our Assumption This expression of ¢(p,q) is motivated by the
equality
Er [(pq)(X)] = ClU(R,P) — (R, Q)]

which means that the sign of Eg [¢(pg)(X)] is the same as that of /(R, P)—
UR,Q).

Note that when A(Q, f) = [5 fdQ and F is symmetric

(r.p)=sup| [ ar— [ jap| = Sow | [ aq— [ jap| = Sur.q)

and we may therefore choose f(rp) = f@,p) = —f(ro) = —f(rq) wWhich
together with gives

¢p =C Kfm,P) - /Ef<R7P>dP> - (fu—‘e,c;) - /Eme)dQﬂ

dP +dQ
=20 [/E fr@—5— ~ f(RQ)} :

Up to the normalizing constant, we recover .

6.2. The Hellinger distance. An alternative way of defining the Hellinger
distance given by is provided by the following proposition (with the
conventions 0/0 = 1 and a/0 = 4oo for all @ > 0). This result will be
proven in Section

Proposition 10. Let G be the class of all measurable functions g on (E,€)
with values in [0,400]. For all probabilities P,Q on (E,E),

() W(P.Q) = 3sup[Ep (1~ g) +Eq (1~ 1/g)].

and the supremum is reached for g = gpq) = \/q/p. In particular, the
Hellinger affinity between P and Q satisfies

(72 p(P.Q) = ¢ inf [Ep (g) +Eq (1/s).

inf
geg

With the change of functions f =1 —g, is satisfied for the class F of
functions with values in [—o0,1], A(Q, f) = [p[f/(1 — f)]dQ and fpq) =
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1 —+/q/p. Applying , we obtain that
¢ = C [(firp) — AP, frp)) — (frQ) — MQ: f(r@))]

o[V [ - v

and ¢(p ) corresponds thus to the test proposed in Baraud (2011). In
particular, we obtain the following result the proof of which is postponed to

Section [I0.51

Proposition 11. Let & be the set of probabilities on (E,E) dominated by
W, A a countable subset of & and consider the loss { defined by ¢(P,Q) =
h2(P,Q) for all P,Q € &. The family T (¢, #) of functions P(p,) defined
for P,Q € A by

(73) 9pq) =

Vi- B . P+Q
775 PR @) = p(RP)+ 2] it = T8

satisfies Assumption 2 with ap = (V2 +1)/2, a1 = (V2 —1)/2, ag = 3/2.

It is possible to design other families .7 (¢, #) that satisfy Assumption
on the larger set of all probabilities on (E,£), i.e. that are not necessarily
dominated by u, but this requires more technicalities. We prefer to avoid
them here and rather refer the reader to Baraud and Birgé (2018]).

6.3. The Kullback-Leibler divergence. We mention the Kullback-Leibler
divergence as an example of loss function that fits our assumptions. Never-
theless, we would probably not recommegd it in general as a loss function.
As seen in the introduction, an estimator 6 of a parameter 6 can be very good
in the sense that the associated probabilities P; and Py would be difficult
to distinguish (say from a sample of size 10°) while K (P, Pg) = +oo.

The KL-divergence given by can alternatively be defined via the fol-
lowing variational formula:

(74) K(P.Q) = sup [Er [f] - logEq (/)]

which corresponds to with A(Q, f) = logEg(e/) and F is the class of
all measurable functions on E with values in [—o0, +00] such that A(Q, f) <

+00. Equality holds in . ) for f pr) log(p/q). Using that A(P, f(r,p)) =
A(Q, f(r,q)) = 0 and applying (70)) we get that ¢(p ) is proportional to

[fr.py = MP: fir.p)] = [f(R,@ - M@ fro)]
r r
=log— —log— =logqg—logp
p q

and therefore corresponds to the well-known likelihood ratio test. The fol-
lowing holds.
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Proposition 12. Let & be the set of all probabilities S on (E,E) which are
dominated by p and whose densities s satisfy Eg [|logs|] < +oo. Assume
that # = {p- u,p € M} is a countable subset of & and that M satisfies
for some constant a > 0,

(75) e*agg(x) <e’ forallp,ge M andxz € E.

q
The family T (L, ) of functions ¢(pq) given by

_ 1 q)
(76) dpo) = oa log (p for all P,Q € .«
satisfies Assumption [q with ap = a1 = 1/(2a) and az = 1/[a(2 A a)] for the
KL-loss {(P,Q) = K(P,Q), P,Q € &.

The proof is postponed to Section [10.6

Under , the squared Hellinger distance and the Kullback-Leibler di-
vergence turn out to be equivalent on .#. More precisely, it follows from
Lemma 7.23 in Massart (2007) that if M satisfies

2h3(P,Q) < K(P,Q) < 2(2+ a)h*(P,Q) forall P,Q € 4.

If the data are i.i.d. with distribution P*, we also have 2h?(P*, P) < K (P*, P)
for all P € .# but says nothing on how much larger K(P*,P) is
compared to h?(P*, P). This means that the result of Theorem [2| for the
Kullback-Leibler divergence cannot be deduced from that established for the
squared Hellinger distance.

7. -ESTIMATORS BASED ON THE TV-DISTANCE VERSUS p-ESTIMATORS

As explained in Section [5.2] a nice feature of f-estimators based on the
TV-distance lies in their robustness properties with respect to a possible mis-
specification of the model. As described in details in Baraud et al (2017)
and Baraud and Birgé (2018), p-estimators also possess robustness proper-
ties except from the fact that these properties are expressed in terms of the
Hellinger distance between probabilities and not the TV one. Since these
two distances are not equivalent in general, it is worth analyzing further
the main differences between f-estimators based on the TV-distance and
p-estimators.

7.1. Robustness and optimality. Let us go back to Example [2| in the
simple situation where d = 1. We assume that the data are i.i.d. with
distribution P* = (1 — )P« + aR for some probability R on R and « €
[0,1/10]. Then, 7.7||P* — Pyu+|| = 7.7a||Ppnx — R|| < 0.77 and choosing
e = 1071% and fixing the value of ¢ > 0, we deduce from that when
n is sufficiently large compared to £ (so that the right-hand side of is
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smaller than 1), with probability at least 1 — e~¢ the f-estimator m of m*
satisfies

(77) Im* —m| < C ||P* — Ppx|| +

1+<
n

for some universal constant C > 0.

Alternatively, in this statistical setting, we may use a p-estimator m for
estimating m*. More precisely, we may apply the following result that can
be derived by combining Corollary 3 of Baraud and Birgé (2018) with Propo-
sition 42 of Baraud et al (2017).

Proposition 13. Let M = {py = p(- — 0), 0 € Q} be a translation model
for the data Xu,...,Xn where p is a unimodal density. One can build a
p-estimator = 0(X) such that for all 0* € Q and & > 0, with probability
at least 1 — e~ ¢,

(78) h*(Py, P;) < C

n

1 & 1
thQ(pi*’pe*) + M
)

where C' denotes some positive universal constant.

Applying this result to our statistical model and using the fact that for
all m,m’ e R

(m = )" N

(1—e [4A1}<h2(Pm,Pm/)=1—e RS I Al

we deduce that, provided that n is large enough compared to &, with prob-

ability at least 1 — e~¢,
1
(P Poe) + 1/ 2B EE
n

If we forget about the logarithmic factor and the universal constants C, C’,
the main difference between inequalities and lies in the expression
of the approximation terms ||P*, Pp«|| and h(P*, Pp,x). Since, for all prob-
abilities P, @, ||P — Q| < v2h(P,Q), the accuracy of m cannot be much
worse than that of m but it can indeed be much better: when the probabil-
ities R and P,,~ are singular,

(79) im* — 71| < ¢

for some universal C’ > 0.

| P* — Pp|| = || P — R =
while

h2(P*, Pp+) = h*((1 — Q)P + QR Pppv) = 1 — /1 — «
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and we deduce that

Im*—m| < C

o+ 14—&]
n

|

For small values of o, (1 — /T —a)'/? is of order \/a/2 and is therefore
much larger than «. This means that the bound we get on m does not dete-
riorate too much compared to the ideal situation where the model is exact,
i.e. P* = Py, as long as a remains small compared to 1/y/n. The same
conclusion would be true for m only if o remains small enough compared to
(logn)/n. From this point of view, the estimator m seems less robust than
m. This disappointing result (for p-estimators) is actually not restricted to
this Gaussian model and can actually be generalized to many other situa-

tions for which the TV-distance and the Hellinger one are equivalent on the
model Z .

The apparent superiority of f-estimator over p-estimators must neverthe-
less be nuanced in the light of the following example. Assume that the data
Xi,..., X, are truly i.i.d. from a translation model M = {py = p(-—0), 0 €
Q} where the density p satisfies the following.

|m* —m| < C'

Assumption 7. There exists a positive decreasing function f on (0,+00)
such that p(x) = f(|z]) for all x € R\ {0}.

In this situation, an ¢-estimator for the location parameter 6 is not difficult
to compute. Putting aside the fact that our statistical model is parametrized
by @ and not R in order to make it countable, the empirical median turns
out to be an f-estimator. More precisely, let X 1) < X9) < ... < Xy be
the order statistics associated to the m-sample X1,...,X,, with n > 2 and
define the empirical median as X, /97) where

[z] =min{k € N, k >z} forall z >0,
that is

n n
n
(80) > Lxi<X(puyan) < 5 S > Wi X o
i=1 i=1

The proof of the following result is postponed to Section [10.1
Proposition 14. Let Assumption [7 be satisfied and consider the TV-loss.

Any element fe Q that satisfies X(p/27) < b < X([n/2141) is an L-estimator
of 0 for the choice e = 1/2.

It is not difficult to find an example of a translation model satisfying
Assumption [7] for which the empirical median would lead to a sub-optimal
estimator. The choice

o 1 1 .
DT> 20 +a) [|x|1°‘ A 1‘2} Ijy~0 with a € (0,1)
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actually suits. For this density, it is possible to check that the empirical
median converges at rate n~ /(%) (with respect to the Euclidean loss) while
the minimax rate is actually of order n='/®. Since for 0,6’ close enough
|60 — ¢'|* is of order h?(Py, Py), one can easily derive from Proposition
that a p-estimator would converge at a rate which is at least (logn/n)Y®
and would therefore be optimal (up to a logarithmic factor).

In conclusion, our construction of f-estimators for the TV-loss warrants
robustness but not optimality.

7.2. Logarithmic factors. The above discussion puts aside the logarith-
mic factor that appears in the right-hand side of compared to . In
fact, the results obtained for the Hellinger loss in Baraud and Birgé (2018;
2016)) often involve such logarithmic factors. Compared to the minimax risk
over the model ., these factors turn out to be sometimes necessary.

This is for example the case when M is a countable and dense subset
(with respect the Hellinger distance) of the set M of all histograms on R
with at most d > 1 pieces, i.e. p € M is of the form

d
Zai]l(bi,bwl] with —oco <b; <... <bgy1 < 400
i=1
and ay,...,aq € Ry satisfying Zfill ai(bi+1—0b;) = 1. Tt is proven in Baraud

and Birgé (2016) that if the data X1, ..., X, arei.i.d. with a density p* € M,
the p-estimator p on M satisfies, for some universal constant C' > 0,

3/2
(81) sup E [h2(p*,ﬁ)] < Cdmax{log (n/d)¢ 1} .
p*eM n

It is shown in Birgé and Massart (1998)[Proposition 2] that the minimax rate
is at least (d/n) max{log(n/d),1} (up to some universal constant). The log-
arithmic factor appearing in the right-hand side of is therefore necessary
(with a possibly smaller power though). A look at the proof of Proposition 2
in Birgé and Massart shows that this logarithmic factor is due to some com-
binatoric arguments based on the fact that M contains histograms based
on possibly irregular partitions of [0, 1].

Surprisingly, this logarithmic factor disappears for the TV-loss. It is easy
to see that for p,q € M, the sets {p > ¢} are the union of at most d + 1
intervals and Assumption 5| is therefore satisfied with V(p) = 2(d + 1) for
all p € M. It follows then from Proposition @, more precisely , that
the (-estimator of p would satisfy, for some constant C’ > 0 depending on ¢
only,

d
~12
(82) sup E [Hp* —le] <C'-.
p*EMy n
This result shows that, on this example at least, the minimax rates with
respect to the squared TV and Hellinger losses may differ by at least a
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logarithmic factor (in fact, it can be proven that the the minimax rate with
respect to squared TV loss is indeed of order d/n for d > 2).

8. APPLICATION TO ROBUST TESTING

The heuristics we have developed in Section [2.3] and which lead to the
construction of f-estimators are based on the fact that one can roughly
estimate {(P*, P) — {(P*,Q) by a statistic T(X,P,Q)/n. This statistics
can also be used to build robust tests between P and ). More precisely,
Proposition [I] implies that

a1 b(P*,P) — apl(P*,Q) < E[T(X,P,Q)] < apf(P*,P) — a1 £(P*, Q),
so that E[T(X,P, Q)] roughly (exactly indeed if ap = a;) tells us which
of P or Q is closer to P*. Replacing E [T(X,P, Q)] by its empirical ver-
sion T(X,P,Q) and basing our decision on its sign, i.e. the test statistic
@ p,q)(X) given by , then leads to a test between P and Q the errors
of which can be controlled provided that the ratio £(P*, P)/£(P*, Q) is far
away enough from 1.

The performance of ®p q)(X) as a test between P and Q is provided by
the following result to be proven in Section [10.9

Proposition 15. Let Assumption |1| hold and P* € & be such that v =
apl(P*,P)/[a1£(P*, Q)] < 1. Then

2 *
(83) P [®pq)(X)=1] <exp [—“;’Q) a1 (1 - 7)]2] :
If, moreover, Assumption |2 is satisfied,
_ (P, Q) ai(l —v)?
8 P00 =1 <o |5 B )

Inequalities and both say that if P* is close enough to P and
far enough from Q with respect to the loss £, the test ®p q) decides P with
probability close to 1. In view of the symmetry of the assumptions with
respect to P and Q, to bound P [(I)(P7Q) (X) = 0] it suffices to exchange
their roles, now assuming that v = agl(P*, Q)/[a1£(P*,P)] < 1.

Recalling from Section [2.5] that a; < ag, note that if
ar/ap < £(P*, P)/E(P”, Q) < ao/a,
one cannot say anything about the performance of the test.

In order to comment these results further, let us consider the density
framework with P = P* = (P*)®" and Q = Q®" for some probability Q
on (E,&). When Assumption (1] is satisfied, it is interesting to notice that
the test accepts the hypothesis P* = P with probability close to one as
soon as ((P*,Q) = £(P*,Q)/n is large enough compared to 1/y/n. The
situation is even better under Assumption [2]since it is actually enough that
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(P*,Q) be large enough compared to 1/n. It is well-known, mainly from
the work of Le Cam (1973), that it is impossible to distinguish between two
probabilities P and @ from an n-sample when the Hellinger distance h(P, Q)
is small enough compared to 1/y/n. As a consequence, the test Prp,q) is
optimal under Assumption [I] when the loss £ is of the order of the Hellinger
distance and optimal under Assumption [2] when it is of order the square of
the Hellinger distance.

As we have seen earlier, most loss functions of interest are actually powers
of some distance on . As an illustration let us focus on the case of ¢ =
h? and let Assumption [2| hold, in which case becomes, according to
Proposition [I1]

3(vV2-1)" (1 —7)*nh*(P*,Q)
A4[(1—7) (V2-1) +9(1 +7)]

(85) P [®pq)(X)=1] <exp|—

provided that

h?(P*, P)

(86) v=(3+2v2) wEg <L

An interesting feature of this result is that it holds even if both h(P*, P)
and h(P*, Q) are larger than h(P, Q)/2 provided that is satisfied. This
would not be the case of tests between Hellinger balls centered at P and @
respectively. More generally, if £ = d’ for some distance d and j > 1, the test
will perform nicely if d(P*, Q)/d(P*, P) is large enough, even if d(P*, Q) is
much larger than d(P, Q).

8.1. Case of the TV-distance. Let us assume here that P = P®" and
Q = Q®" where P and @ have densities p, ¢ with respect to some dominating
measure j. It follows from that the test statistic T(X, P, Q) for testing
between P and Q satisfies

T(X,P,.Q) _Plp>¢+Q(p>q 1 z":

= == Ty (X0).
n 2 n

We derive from Proposition [15] and Corollary [7] the following result for the
test CI)(P,Q)'

Proposition 16. Let P and Q be probabilities on (E,&). If X = (X1,...,Xy)
has distribution P* = Q;_, P} and

3N |PF—-P
— %zfl || j || < 1.
i=1 157 = Q|

The test ®p q) defined by satisfies

— )2 n 2
P [(IJ(p,Q)(X) = 1] < exp [—(1;) (7112 | P — QH) ] )
i1
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In particular, if X1,...,X, are i.i.d. with distribution P*,

—~)?n
P 2p.q)(X) = 1] <exp |- Pt - PP

provided that v = 3||P* — P|| / ||P* — Q] < 1.
Given two real numbers a < b with mean m = (a + b)/2, the intervals
(—oo,m) ={z € R, m—xz >0} and (m,+o0) = {x € R, m —z < 0} also

correspond to the sets {z € R, |z—a| < |b—z|} and {z € R, |[x—a| > |b—z|}
of those x which are closer to a and b respectively. Using the fact that

Q(P>Q):/Eﬂp>qqdl~b<éﬂp>quH:P(P>Q),

the corresponding test ®p q) can be reformulated equivalently as @ p q) (X)
0 when

(87) Z Lysq(X Pp>q) Z s q(X Q(p > q)

and ®p q)(X) = 1 when

Z ]lp>q p > q Z ]1p>q (p > Q)

Under this form and using the convention that the test takes the value 1
when equality holds in , we recover the test proposed by Devroye and
Lugosi (2001) [Chapter 6].

8.2. Case of the Lj-loss. We assume here that P = P®" and Q =
Q®" where P,(Q are not necessarily probabilities but possibly signed mea-
sures with densities p and ¢ with respect to some dominating measure pu.
We consider the Lj-loss for j € (1,400) and assume that p and ¢ be-
long to Z;(E,pn) N A (E,p). Clearly, is satisfied as soon as R =
1P —dll /lp = qll; < +oo (assuming P # Q) and it follows from Corol-
lary [3] that

1§~ (olp—af™ olp—al’'p+tq
T(X,P,Q) =5 [Z ( (Xi) —/ - dp

=R Elp—ali" 2
where o(z) = 1>p(z) — Lpsq(x) for all x € E. Note that for j =2,

4llp =4l T(X,P,Q) = [ Zq |Q||2] - [QZP(XO— ||p|§]
=1 =1

and the test ®p q) between P and @ is that associated to the classical
LLo-contrast function.

We deduce from Proposition [I5 and Corollary [3] the following result.
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Proposition 17. Let j € (1,400), P =p-pu, Q = q-p be two distinct
and possibly signed measures on (E,E) with p,q € Z;(E, p) VLA (E, ). As-

sume that X1, ..., X, are independent with respective densities py,...,pr €
(B, ). If
3 Zﬂ: ¥ —pl. _
v = nZ 1 *Z ”] <1 and R= 7"]) o < 400
im IpF —dll; lp—dll;

the test ®p q) defined by satisfies

2
L ( > v - i) ]

In particular, if Xq,..., X, are i.i.d. with density p* € Z;(E, ),
(1 — 7)2 H * ||2
32R20-1) 1l
provided that v = 3 ||p* — pll; / lp* —qll; < 1.

P [®pq)(X)=1] <exp

P [q)(P,Q) (X) = 1] < €exXp |:

9. PROOFS OF THEOREMS [1] AND 2]

Let P be an arbitrary point in .# and ¢ > 0. We recall that T(X,P, Q) =
A ¢(E Qi)(Xi> for all Q = (Q1,...,Qn) € A and we shall repeatedly
use the equalities and inequalities below that immediately derive from As-

sumption [IH(i)| and and a summation over i € {1,...,n}:

(88) T(X,P,Q)=-T(X,Q,P)
(89) A(P,Q)=E[T(X,P,Q)] = -A(Q,P)
(90) A(P,Q) < apl (P*,P) —a1£(P*,Q)
(91) > a1l (P*,f) —aol (P*,Q).
Furthermore, since the X; are independent, when Assumption [2]is satisfied
(92) Var (T(X,P,Q)) < ap [Z (P*,F) +£(P~, Q)] :
It follows from and the definition of P that
(93) ~T(X,P,P)=T(X,P,P) < T(X,P) < T(X,P) +¢
Setting
(94) Z(X,P) = S, [T(X,P,Q) — (1 - x)A(P,Q) — (]

we deduce from and the fact that x € (0,1) that
T(X,P) = sup T(X,P,Q) <Z(X,P)+ (1 —x) sup A(P,Q) +¢
Qe Qe

(95) < Z(X,P) + (1 — k) [aol(P*,P) — a1£(P*, )] + ¢,
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which together with leads to
-~ T(X,P,P)
(96) <Z(X,P)+ (1 — k) [al(P*,P) — a1€(P*, M)] + ( +e.
Using again with Q = ﬁ, we obtain that
(1-— /ﬁ)alﬁ(P*,ﬁ)
< (1 - k)agb(P*,P) — (1 — r)A(
= (1 - k)aol(P*,P) + [T(X,P,
~T(X,P,P)+(.
which with and gives
(1— K)a £(P*, P)
< (1 - k)agl(P*,P) + Z(X,P)
+ [Z(X,P) + (1 — k) (aol(P*,P) — ar€(P*, M)) + ( + €] +¢
(97) < (1— k) [2a08(P*,P) — arl(P*, M )| + 2Z(X,P) + 2¢ +¢.

p)

P,
P)— (1-k)A(P,P) — (]

Let us now control Z(X,P). To do so introduce § = 2, yo a positive
numbers to be chosen later on and for all j € N,

(98) Mi={Qe M, (& —1)yo <LP*,Q) < (5 —1)yo},
so that M = J;>q M. Besides, for j € N and x = (v1,...,2,) € E we set
99)  Z;(x.P)= sw [T(x.P.Q) - AFP,Q)]

Qe

J
n

(100) = swp 3 (¢p,0(@) —E [d(p, 0, (X))
Qe i=1
For all j € N and Q € #;, we deduce from and that
—~A(P,Q) = A(Q,P) > ai£(P*, Q) — apl(P*,P)
> a1(8 — 1)yo — apl(P*, P)

hence,
Z(X,P) =sup sup [T(X,?, Q) - (1-rAP,Q) - C]
jeN Qe
<su {2. X,P) -« inf A(Q,P)— }
jeII\I) i ) Qe (Q,P)—¢
(101) = rkapl(P*,P) + sup E;
jeN
with
(102) = =Z;j(X,P) — ka1 (&7 — 1)yo — C.
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Putting and ([101]) together leads to the inequality
(1-— /i)aIZ(P*,ﬁ)
(103) < 2a0l(P*,P) — (1 — k)ar b(P*, M) + 2 + € + 2m>ag< =
J/

It remains to control the random variables Z; for j € N. This is the purpose
of the two following lemmas.

Lemma 3. Under the assumptions of Theorem 1| and for the choices yo =
Vnu(P) and ¢ = 2¢coyo + /1 /2

P[=; > 0] < exp [—5 — (o7 — 1)2} for all j € N.

Lemma 4. Under the assumptions of Theorem |9 and for the choices

P 2 5 15
(104)  yo=D(P) and (= ml@(P*,PHmyoH[H th’

15 3 2Kkaq

we obtain that

P[E; > 0] <exp [-€ — 2+ 4 1] forallj > 0.

The proofs of Lemma [3]and [4 are given in Section[9.1and [9.2] respectively.
We conclude the proofs of the main theorems as follows. Theorem [I] follows
from (103)) and Lemma [3| together with the fact that since 6 = 2

S P[E; >0 <exp [—€— (2 —1)?] <e €Y e @V <037 7E
Jj=0 J=0
Similarly, we obtain Theorem [2] from Lemma [4] and the fact that
Y P[E; > 0] <exp [—€— 27T +1] <0.42¢ ¢,
Jj=0
9.1. Proof of Lemma |3 Let us fix j € N. It follows from the definition
of v(P) = yo/+/n and the fact that y — w(P,y) is nondecreasing

(105) w(P,y0) < w(P,y) <coy forall y > yo.

In particular by letting y decrease to yo, we also obtain that w(P,y0) < coyo-
Since .#; is a subset of B(P*,r;) with r; = (6T — 1)yo = yo,

Zj(X,P)< sup [T(X,P,Q)-A(P,Q)]
QeRB(P*,rj)

and because of (and the facts that the inequality is also true for y = yg
and 7o = (0 — 1)yo = o),
(106) E[Z;(X,P)] < w(P,r;) < cory.

Under Assumption for all i € {1,...,n}, Q € #; and z,2’ € E
the quantity |¢ 5, o) () — ¢>(E7Qi)(:c’ )| is bounded by 1 and it follows thus
from the expression of Z; that for all x € E, and 2} € F

|Zj((a:1,...,xi,...,xn),?) —Zj((xl,...,x;,...,xn),?ﬂ < 1.
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The random variables X1, ..., X, being independent, Theorem 5.1 of Mas-
sart (2007) applies to x — Z;(x,P) and we obtain that whatever z > 0,

—z

with a probability at least 1 — e™7,
(107) Z;(X,P) <E[Z;(X,P)] + \/nz/2 < corj + \/nz/2,

by (106). We recall that 7; = (6771 — 1)yo, yo = /nv(P) and that ( =
2c0y0 + v/n€/2. We choose z = zj; = 2¢3(67T! — 1)%y3 /n + € which satisfies

2 = 20 (P)] (7! =12 + & = (571 = 1)* + ¢,

since by 2c¢3v?(P) > 1. Using the subadditive property of the square
root, we infer from (107) that =; defined by (102) satisfies with a probability
at least 1 —e ™% > 1 — e*(MH*I)Q*é,

Ej <o (5j+1 — 1) Yo + \/C%(5j+1 —1)2y¢ +n&/2 — /{al((?j — 1Dy —¢

. & —1
< (5.74’1 — 1) Yo [200 — K/al(;jﬂ]_‘| - 20()y().

Finally note that the the right-hand side is always non-positive: when j =0
it vanishes and for j > 1 it is negative since

& —1 1 21
QCD—K/CL]_WZK}CL]_ g—m <O

9.2. Proof of Lemma [} Arguing as in the proof of Lemma [, we deduce
similarly from the definition of D(P) that for all y > yo = D(P),

w(P,y0) < w(P,y) < c1y and consequently that
(108) E[|Z;(X,P)|] <ci (6t —1)yo forall j > 0.

Let us recall the following version of Talagrand’s inequality that can be
found in Baraud, Birgé and Sart (2017

Proposition 18. Let T be some finite set, Uy,...,U, be independent cen-
tered random vectors with values in RT and Z = sup,ep [0, Uis|. If for
some positive numbers b and v,

max |Ujs| <b and ZE [Uft] <v? forallteT,

i=1,..., =
then, for all positive ¢ and =,
(109) P[Z<(1+E(Z)+ @8 'ev’ +2(1+8c )ba] 21 —e "

The above result extends to countable sets T (by monotone convergence)
and we may therefore take T'= #;, U;q = b, Qi)(Xi) —E [gb(fi Qi)(Xi)}
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for all ¢ € {1, .,n}, so that Z = |Z;(X,P)|, and b = 1 because of As-
sumption 1 Furthermore, using Assumptlon l, the definition of ./;
and . we obtain that

v = a [£(P*, P) + (971 — 1)yo)

>ay sup [L(P*,P)+£(P*,Q)] > sup Var[T(X,P,Q)].
QGJﬂj Qe/ﬂj

Applying Proposition (18 with = z; = (6911 — 1) + ¢ and using (108)) with
the fact that yo > 01—1, we obtain that with a probability at least 1 —e™%,

N

(X, P) < (1+0)E[Z] + (aze/8) [€(P*,P) + (8T — 1)y
+2[1+ (8/¢)]zj
< (L+0)er (771 = 1) yo + (aze/8) [€(P*, P) + (67 — 1)yq]
+2(1+ (8/c) [(7F! — 1) +¢]
(110) <[4 ¢)er + aze/8 + 2¢1[1 4 (8/0)]] (877 — 1)y

+ (a2c/8)(P*,P) + 2[1 + (8/c))¢.

Let us now choose ¢ = 16klai/[az(1 + §)] with [ = 0.2. Note that ¢; =
202K2%a2 [[az(1 + 0)?] so that (c/8)% = 2¢i/az and ¢ < 161/(1 + &) since
(a1/a2) V k < 1. With such choices (and the fact that § = 2),

a 16) c_Lye ( 6) c
a2(3+c+c +8_2(8) 3+c+ T3
E(1+ 3+c> E( 1+49) +16l]>
4 4 1+5)
:&Ml( 13 1+5)+16l]>
a(1 +0) 2(1+0)2
Ray KrRay
111 _ ke
(111) < 45 30
and
(112) 2(14_8):2(14_(1""5)@):2(1_’_15&2)'
c 2klay 2Kay

Using (110]), (111f) and (112)) with the fact that ¢ defined by (104) satisfies

¢ = (a2c/8)€(P*,P) + ra1yo/3 + 2(1 + 8/c)&, we obtain that =; defined by
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(102)) satisfies with a probability at least 1 — e™%,

— [ asc 8 8 -1 i1 Kai
=g < [(1 + C)C1 + ? + 2¢1 (1 + c)} — Hal(sjﬂ—ll (53+ — 1) Yo — Tyo
—cl 16) c a; 6 —1 i1 ka1
=|—1(3 — - — St 1 - —
_a2< et — )43 e as ( ) %o 5 Yo
[ kay a; 6 —1 , K1
< B — | - —
S laa(140) Mgt - 1] a2 ( )90 = =30
(1 65 —1 - Ka
= 1+5_5j+111 Kaq (5J+1_1) yo—?lyo

Since § = 2, when j = 0 the right-hand side vanishes and for j > 1,

1 &¥—-1 1 21 <0
1+6 o/+l—1 3 2+l—-1 "7

We conclude that Z; < 0 with probability at least 1—e™% =1 )

for all j € N.

10. OTHER PROOFS

10.1. Proof of Proposition[14} Let 6,0’ € Q, 0 # #'. Since f is decreasing
on (0,+00), for all x € R\ {0,6'},

po(x) > po(x) <= f(lz=0')) > f(lz —0]) <= |z —0] <]z -0

/ : /
(113) x> (0+6)/2 ?f o' >0
r<(0+6)/2 if <0

and
po(z) = po(zx) <= f(lz=0'|) = f(lx —0]) <= |z 0=z -0

0+ ¢
T = —; € Q.

(114)

Using that p is symmetric and doing the change of variables u = 6 + 6" — x,
ie. x = 0+ 0 — u, we obtain that

Py [pgr > pg] = /R L6y >p(z—0)P(x — 0)dz = /R]lp(ﬂ—u)>p(9’—u)p(9, —u)du
= /]R ﬂp(u—6)>p(u—9’)p(u - el)du = By [p9 > p@’]

and by (114),
Py [per = pg| = Py [per = pe] = 0.
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It follows from Corollaryand the fact that with probability 1 { X7, ..., X, }N
Q = o, that with probability 1, for all i € {1,...,n}

D(py,py) (Xi) = 5 [Po (Po > per) + Por (o > por)] — Ly (x,)
1

— Py (po = per) + Por (g > per) — Po (pe > po)]

N =

[ ol

[
Ly > pyr (X:)

-1, >por (X:)

N =

and by (113 we obtain that
n - n Z:‘;l ]lX->(9+0’)/2 if 6> 9/,
2 ; rr 2 (X xcrone i 0 <0.
Let us now take 0 = 0 € (X(n/21)» X(fn/2+1))- It follows from (80) that if
9 >0,

and consequently, T(X, P, Pg) < 0.
If now ¢’ < 6 we may distinguish between two cases. Since (8 +6)/2 € Q,

. '+ - 0+6 -
either < X([n/g]) <6 or X([n/g]) < 5 <0< X([n/2]+1)-
In the first case, using again we obtain that
n n n n
Z ﬂxi>(9/+§)/2 =n- Z ﬂxi<(9/+§)/2 Zn— Z; I <X (o) > 92
i=1 i=1 i=

hence, T(X, P, Py) < 0. In the second case,

Zn: ]1X¢>(§+9’)/2 =n- [g] 2 nol

i=1
which implies that T'(X, Pz Py) < 1/2.
Putting all these bounds together, we finally obtain that

1
T(X,P;) = sup T(X,P;,Py) < = < inf sup T(X,Py,Pyr) + =
( 9) 9'6% ( o ) 2 96@9’6@ ( ) 2
since supgeq T(X, Py, Pyr) = T(X, Py, Py) = 0 for all § € Q. Hence 8 is
an {—estimator for the choice e = 1/2.
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10.2. Proof of Proposition Let P,Q € &. Since e = —fa.p),
d(pg) = —P(0,p) and since || fipo)lleo < b, for all 2,2’ € E,

1
¢(P,Q) (z) — ¢(P,Q) (fL’,) < % (f(Q,P) (xl) - f(Q,P) (a:)) < L

Using the definitions of £ and f(p ) € F we derive that for all S € & C P2,
dP +dQ
OBE — / @l / ds
slowol = | fra—; o
_ P — / ds
/E fre) P
; U }
o dP + / dQ| - / dP
SRR L@@ = | o

:/Ef(Q’P)dS_/Ef(Q’P)dP_; [/Ef(P,Q)dP—/Ef(P,Q)dQ}
< U(S,P) — %E(R Q).

Finally, since by the triangle inequality ¢(P,Q) > ¢(S,Q) — ¢(S, P) the
conclusion follows.

10.3. Proof of Proposition |§|. Let S € &. Let us first prove . Using
the definition of the TV-distance,

(115) S(p>q) < Sp>q) —Qp>a)+Qp>q) <[5 -Q[+ Q> q)
and similarly, S(p < ¢) < ||S — P|| + P(p < ¢). Inequality with the
triangle inequality leads to
S>> ANSp<g) <[[S=P|VIS-Qll+Plp<q) AQp>q)
<|IS =PI+ IS - Qll + a3 [|P - Q|
< (L+ap) [[IS =Pl + 115 = @ll
which is .
Let us now establish Condition Using the definition of ¢(pg)
with , we obtain that
Vars [¢po)] = S0 >q)S(p<q) <Sp>q) ASp<q)
<a[[|[S =PI+ (S - Q]

and the result follows from the fact that ag =1+ a) > 1/2 = a;.
10.4. Proof of Proposition Forallz € Fand g € G

p(x)q(z) < % lg(2)p(z) + (1/9(x))q(x)]

with the conventions (+00) x0 = 0 and (+00) xa = (400) for all @ > 0. Note
that equality holds for g = g(p ) = \/q/p with our conventions. Integrating
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with respect to p gives

[Er(g9) +Eq(1/9)] € [0, +09]

DN | =

|, Voidn =1~ 12(P.Q) <
and consequently for all g € G
1
h2(Pa Q) 2 5 [Ep(l - g) + EQ(l - 1/9)] € [—OO, 1}
and equality holds for g = g(p ) which leads to the result.
10.5. Proof of Proposition Let us set a(RQ) = ¢(p’Q)\/§ and denote

by r = (p+¢q)/2 the density of R with respect to p. Using that (pVq)/r < 2,
for all z,2' € E

Ppo) (@) = d(pg) () < % [\/E(x) " \/E(m,)} <V

hence, ¢(pg) = a(P,Q)/ﬂ takes its values in [—1,1]. For T =t-pu € {P,Q},
we set
1 t
sty = 3 [ m)+8s (/1) .
so that

Es [6(p,0)(X)] = pr(S,0) = pr(S,p)
By Proposition 1 of Baraud (2011) (which requires that S < p), 0 <

pr(S,t) — p(S,T) < [R2(S, P) + h?(S,Q)]/V2 for all T € {P,Q} and since
p(S,Q) — p(S, P) = h%(S, P) — h%(S, Q), we deduce that

Es [$(pa)(X)] < \g [W2(S, P) + h2(S, Q)] + (S, P) — h*(S,Q)
< (1 + \2) B2(S, P) — (1 _ é) h2(5,0).

Hence (ii)|is satisfied with ag = (v/2+1)/2 and a3 = (v/2—1)/2. Using that

(vVo(X) — Va®)”

r(X)

4Vars [¢(pg)(X)]| = Vars [\/13\;;\/5( X)} < Eg

condition with ag = 3/2 follows from the proof of Proposition 3 of
Baraud (2011)).
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10.6. Proof of Proposition It is clear from the definition that

dpo) = —%,p) and that under dp)(T) — dpo(@’) < 1 for all
xz,2" € E. Using the definition of the Kullback-Liebler divergence and the
fact that [ s|logs|dp is finite, we obtain that

sl = o (9] - o o (2) ()]

= o [K(S,P) ~ K(5,Q)].

Assumption (1| is therefore satisfied with ag = a1 = 1/(2a). For all u > —1,
log?(1 +u) < 2u — 2log(1 + ) and applying this inequality to the function
—1+1t/s > —1 when t € {p,q}, we obtain that

/slog2 <t>d,u<2/s[t—1—log(t>} dp < 2K(S,t- ).
E s E Ls s

Consequently,
d(po) (X E _ 1 q
Varg [ ( ,Q)( )] < Esg [qﬁ%P’Q) (X)} — @/ 1og2 (7) sdp

<ot o (s o (2)

< % [K(S,P)+ K(S,Q)],

and Assumption is therefore satisfied with as = max{1/a? a1} =
1/la(2 A a)).

10.7. Proof of Proposition Let us denote by sgn = sgn(P,Q,:) =
1r,>Fp — Ipp>F, the function corresponding to the sign of Fy — Fp on the
set {Fg # Fp} and which vanishes elsewhere. We write f = f(p ) for short.
The function sgn takes its values in [—1, 1] and since P and @ are supported
on [0, 1], f vanishes outside the interval [0, 1]. It is therefore 1-Lipschitz and
bounded by 1. Besides, by Fubini’s theorem

Ep [f(X)] = Eq [f(X)]
1 1 1 1
= /0 [/0 sgn(t)ﬂogt@dt} dP(x) — /0 [/0 sgn(t)Nogi<dt | dQ(x)
_ /1 sen(t)(1 — Fp(t))dt — /1 sgn(t)(1 — Fo(t))dt
0 0
1 1
= [ sen(t) (Fo(t) = o) dt = [ |Fo(t) = Fo(v)] dt = W(P,Q)

For the last equality, we refer to Shorack and Wellner (1986)[Page 64].
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10.8. Proof of Proposition |5, Let I = {0,1}¢\ {(0,...,0)} and consider
a multivariate tensor product wavelet basis

{kaql;',k) kE Zdaj 2 07i € I}

of Ly(R%) based on the father and mother wavelets ¢ and 1) defined on R,
with compact support, regularity r > a and Ly-norms equal to 1. This
means that, for all x = (z1,...,24) € R, k = (ky,...,kg) € Z%, j > 0 and
i:(il,...,id) el,

d d
Py (x) = [[ (e — ki) and @iy =292 (272, — &),
=1 =1

with 1) =4 and p(©) = ¢. If a function f € Z(R%) writes as

(116) = [{(f )@+ > > (f ) ;71{] a.e.

kezd j=0iel
and if it belongs to the Besov space B, (RY), then

1/s
. d/2—d . S
(7)o = sup 20220 [ 57w )" ) < oo
3=0 kezd iel
and the quantity |f |’a s.00 18 equivalent to the Besov semi-norm associated

to Bgoo(Rd) (up to constants that depend on «, s, d, ¢,1). Therefore, re-
placing |f ]ix s.00 DY | f] a.s.00 Will only change the values of the constants in
what follows. We refer the reader to Section 4.3 of the book by Nickl and
Giné (2016)) for more details on Besov spaces on R? and their connections
with multivariate tensor product wavelet bases with regularity r. Since the
father and mother wavelets ¢, 1) have compact support on R, the functions
Py and \IIL also have compact support on R? for all k € Z%, j > 0 andi € I.
In fact, there exists a number Ky > 0, depending on d, ¢ and 1 only such
that for all x = (z1,...,24) € R%, j > 0 the sets

A(x) = {k € 27, |®(x)| > 0} and Aj(x) = {k s )\I’}}k(x)‘ > 0}
iel

have cardinalities not larger than K. In particular, for J > 0, the functions

t of the form

(118)  t(x)= >

kczZd

J
B0 P (x) + Z Z 5j,k,i‘1’;'7k(x)] for all x € R?
j=0ierl

with

J
D [Brot DD Bji| < oo
kezd Jj=0iel
are well-defined since the series in (118]) only involves a finite number of

non-zero terms. We define V; as the linear space of these functions ¢ given
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by (118)) and, for all j > 0, the linear space U; as the space of functions u
of the form

u = Z Z/Bjyk,iql;,k with Z Zﬂ?yki < 4o0.

kezd iel kezd iel

Since the functions ®y and \Il;k form an orthonormal system in La(R%) for
k € Z% j > 0and i€ I, the linear spaces (Vy,||l,) and (Uj,]|l,) with
j > 0 are Hilbert spaces. Moreover, for all x € R,

> 2x>+iz( ;,k)2<x>]

kezd j=0iel

= > Bx EJIO SO (w) ®)

KeA(x) keA, (x) i€l

o ot ok $o04] ot

where K7 only depends on d, ¢ and . It follows from ([118) and Cauchy-
Schwarz inequality that, for all x € R% and ¢ € V7,

2
|t(X)|2: Z ﬂkO(I)k +ZZIBJI{I
keZd 7j=01iel
J J
< [Z (ﬂawzzﬁik,i)] [Z <¢i<x>+z ( ;-,k)2<x>>]
kezZd j=0iel kezd j=0iel

< ez x K72’

which implies that V; satisfies Assumption 4| with R = K274/
For all x € R? and t € U; with j >0

DDt W)W (x)

kezd iel

(NG Y D[ wh)

keA, (x) i€l

kGAJ' (X) iel

‘I’},k(x)

S S

S

(119)

(10| [ ()

kezd iel
Since, for all i € I and k € Z¢, H\Il;kHs = 2jd(1/2*1/5)|]\Il%)7OHS, integrating
1' with respect to x € R? leads to the bound,

1/s
(120) 1t < Ko 9jd(1/2-1/s) [Z Z‘ (t, \Il ) ] for all t € Uj,
kezd iel

where K5 depends on d, ¢, and s.
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Let us now consider a function f in B¢\, N-Z (RY) N % (R?). Tt follows
from that f can be expanded in the wavelet basis as f; + >jsg fiae
with f; € V; and

= Y (W)W eU; forallj>J.
kezd iel
Since f belongs to .21 (R%), for all j > 0

IP MR /Rdlf(X)I[Z Z)\p},k@c)\] dx

kezd iel kezd iel
L .
< Ko2 % max || who|| 111,
iel 0

and similarly,

SIS ®i)| < Ko llll% 11 -

kezd iel

As a consequence, f; and f; for j > J belong to £ (R?) and

5 = [ 1neldc< 30 S [ wh0] [ o] dx

kezd iel
(121) = 27 max [@ho| 30 D |/ ¥hi)| < Ks 1,
kezd iel

where K3 depends on d, ¢ and ¢ only. Besides, since f belongs to Bg ., we

deduce from and (| - ) that
(122) Hfjl! < Ki|flo00277® forall j > J,

where Ky depends on d, ¢, 1, s and a. Combining (121]) and (122)) and using
the fact that s > 2, we derive that for all j > J and zj >0

14513 = [ 53000 s dx+ [ FO01, s dx

51 : A
<z il + 55 < 5K Il 2 TGS e 270

J
Setting zj = [K§|f[5, 400 /(K3 [ £]1)]Y/ Y2775/ =1) when || f]|, # 0 and
letting z; tend to 400 otherwise, we derive that for all j > J

(123) Hfng < K |f’5/(5 iy HfH(S 2)/(s—1) ]Sa/(s—l)’

«,5,00

where K3 only depends on d, ¢,1,a and s (with the convention 00 = 0).
Since the spaces U; are mutually orthogonal, we derive from (123) that

< |12 s/(s S— 5— —jsa/(s—
7750, = 25l < AR I 3 o
] i>J
< Ko IS I g deesleh

«,8,00

where Kg depends on d, ¢, 1, s and «, which concludes the proof.
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10.9. Proof of Proposition Let z = a1£(P*, Q) — aol(P*,P). Since
it follows from Proposition[l| that z < —E [T(X, P, Q)], we derive from
that

[T(X7P7Q) —E[T(X,P,Q)] > Z] :

Note that

T(X,P,Q) —E[T(X,P,Q)| = Z (¢(PZ,Q1)(XZ) —E [¢(P1,Qz)(Xz)])

i=1

is a sum of n independent centered random variables with values in [—1, 1] to
which one can apply Hoeffding’s inequality, which gives P [CIJ(RQ) (X) = 1] <
exp [-23/(2n)] when z = z; > 0. This inequality remains valid when
z+ = 0 which proves (83).

When Assumption is satisfied we proceed in the same way, re-
placing Hoeffding’s inequality by Bernstein’s (see inequality (2.16) in Mas-
sart (2007)) with v = ag [£(P*, Q) + £(P*,P)] and b = 1 (with Massart’s
notations). When aopf(P*,P) = va1£(P*, Q) with 0 < v < 1 so that z > 0,
we derive that

P [®p.q)(X) =1]

<o 122}
S O T T (b2/3)

(1 [a18(P*, Q) — aol(P*,P)]?

(124) = exp | = o B Q) — agl(P*. P)]/3 + [e(P*,Q)H(P*,P)J
]l (12 b(P* Q)P |
2[(1 —7)a1l(P*,Q)/3] + [(1+ 7)azl(P*, Q)]

[ PN a1

i 2 [(1=931+ (1 +7)az/ai1]

which is (84).

10.10. Proof of Corollary [2. Let f be two functions on [0, 1] that satisfy
the following property: there exists a function f’ on [0, 1] such that || f'|| ,, <
1 and

= /m f'(u)du = /1 f (u)lysydu  for all z € [0,1].
0 0
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Using Fubini’s theorem, for such a function f we obtain that

= 1[0 (P12 ]
1

It follows from Proposition that the functions f(pq) defined by satisfy
this property for all probabilities P,Q € &. Let P € .# and y > 0. Using
the definitions of qﬁ(p Q) and W(P,y) (with P = P(Xm) given respectively by

and , we deduce that

w(P,y) = sup Z ¢(p Q) —-E [QS(EQ) (Xz)} u
QeA(P.y)
1 n
=3E| sw Y fiop)(Xi) B |fop(Xi)] ]
QeZ(Pyy) |i=1

> — P[X; > u))|| du

<;/01E[§:(]1X
/ ZVar (x,>u)d \\f

Consequently, w(P,y) < coy for all y > v/n/(4cg), hence v(P) < 1/(cov/2).

Applying Theorem [I] with the values of ay and a; provided by Proposition [
and using the fact that P is arbitrary in .#, we obtain that for all £ > 0
with a probability at least 1 — 0.37e¢,

— K Pe# | n“
=1

1 & PR T S 1 & N
;ZW(Pi,P)g i inf [ZW(R,P)]

S
+

8
p R [\/i-i-

We conclude by letting x tend to 0.

R

10.11. Proof of Corollary [6l Let V be the linear space spanned by the D
indicator functions 17 for I € Z. Since for all t = ;7 t;1; € V,

It} = > ltD! > D~ maXItIIJ— D7 ellS
1€l
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inequality is satisfied with R = D'/J. Moreover, given p,q € M with
p#4q, (q—D)/ llg —Dl; writes as 3°;c7 byl with

1/j
(125) Z brl; |b|] D_l/j and |b‘J = (Z ’bﬂ]) = R.
IeT j IeT
Hence,
a-p \ : a-p \
T = > (b 1y and () (br)’ "1y,
(=), =g ). "X

so that, by the definition of fq,p)
faar) —E(fiap) =2 (007 = 007" (1 = PH(D)).

1€l
Since by Corollary dpo —E [QS(RQ)] = [f(Q ) —E(for )] J(2RI71),

Z(X, ?7 Q) = Z [(b(ﬁ,Q) -k (gb(ﬁvQ))]

=1
S (P - 07 Y W) - P
IeT =1
(126) < b Y (1) - P
IeT =1

Using (125)) and Hélder inequality with the conjugate exponents j/(j — 1)
and j we obtain that
j] 1/j

0]

zxra< () Lzz
_ [Z

Iel

SO L(X) - PA(I)]

i=1
It follows from Jensen’s inequality that for all y > 0

n 51/
P,y) < [ZE > (X)) — PA(I)] ] :
IeT

i=1
When j > 2, we may use Theorem 15.10 [Page 442] in Boucheron et al (2013)
with Z = " ; 17(X;) and the fact that 1;(X;),...,1;(X,) are indepen-
dent nonnegative random variables bounded by 1. We obtain that for some
constant ¢; > 1,

n

> (X

=1

J

¢;'E <1+ P2,

Z Pr(I)]
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Using the inequality below that holds for all 7/ > 1
1 J'/2
HpDH]//Q Z (D/]fdu) - D] "/2— 12 P* j /2
= ! €L

and the fact that u — /7 is sub-additive, by summing 1) over I € 7T,
we deduce that for all y > 0

1/j
w(P,y) <’ | D+ [P <I>1”2] = 9 [D 4 2D [ /2]
IeT

< C]l/j [Dl/j 4 pY/i-1/2 n||Ppll; /2] -

Since p* is a density, o a probability and j > 2, 1 = ||p*||; < ||;T9DH]-/2 and
consequently for D < n

w(P,y) < 2¢, DYV, [ |ppll, -

We may Theorem [ I with ag = 3/(4R771), a1 = 1/4R~Y), R = Dl/]
¢! = 6/(rkay) = 24D'"17 /k, and the quantity v(P) defined by (17) then
satisfies

5 Q(Cj)l/j 1/5-1/2 1= 11/2 _ 48(Cj)1/j -
v(P) < ?D J ||pD||j/2 = T\/D ||pD||j/2'

We obtain for j > 2 by using the fact that p is an arbitrary element of
a dense subset of Mp.

When j € (1,2] we argue as follows. By Jensen’s inequality,
2(3/2) ‘
< [nPH(DP?

n

E| [17(X:) — P(I)]

=1

and arguing as before, we obtain that for all y > 0,

1/j
Z[P*(I)]m] =D1/j_1/2\/nllﬁpllj/2-

IeT

w(P,y) < vn

The remainder of the proof is then similar to that of the case j > 2 and
leads to for j € (1,2].

10.12. Proof of Corollary Let us fix an arbitrary density p in M and
denote by P the corresponding probability in .#. It follows from Assump-
tion [B that the classes of subsets

C={C,={p <D}, pe M}
are VC with dimension not larger than V' = V(p). Applying Proposition 3.1
of Baraud (2016) (with o = 1) we obtain that

n

(127) E [Sup > (e(Xy) - PH(C))
cec i

< 10vonV.
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Using , for P € .# with density p € M, the quantity Z (X,P,P)
defined by satisfies

n

> (1e(X) - P:(C))'

and it follows from and (127) that for all y > 0

|Z (X,P,P)| <sup
ceC

w(P,y) <E [sup |Z (X,?,P) |} < 10v5nV.
Pe./

Hence v(P) defined by satisfies v(P (qu)) = 10cy 'v/5V. We know from

Corollary [7| that the family .7 (¢, .#) satisfies Assumption (1| with ag = 3/2

and a; = 1/2 and we may therefore apply our Theorem [I| Whatever k €

(0,1) zznd & > 0, any {—estimator P € ./ with a probability at least 1 —

0.37e™5,

n
2|
=1

. 6
PZ-*—PH< 1_“;‘

i [2><10\/5W+\/§+2\6/ﬁ].

n
P -P|- AL, 1B = P

1—~k

The first part of the result follows by letting x tend to 0 and by normalising
by n.

For the second part, we argue as follows. Let (Pg)r>1 be a sequence
of probabilities in .# such that by = > 1" ; HPZ* - PkH /n is non-increasing
toward infpe 4 > iy [|PF — PJ| /n and for k > 1, Qy, the set

S 5 1 ¢ Vo8 2
~> || P~ Pl < 6t — in [ I Ry LAY
nizl PG///TLizl n n n

For all k > 1, P(Q) > 1 — 0.37¢™¢ and since (bg)p>1 is non-increasing,
Qp11 C Q. Besides, = (> 2 is the set on which is satisfied. We
conclude using the fact that

P(Q) = lim P(Q) >1—0.37¢¢.

k——+o0

10.13. Proof of Lemma ([T} Let us denote by P, the Gaussian distribution
with mean m € R?% and identity covariance matrix and by p,, its density with
respect to the Lebesgue measure. Since the Lebesgue measure is translation
invariant, || P, — Pl = || Pr—m — Pol| for all m,m’ € R? and it suffices to
prove the result for m’ = 0. Let m € R Since the results clearly hold for
m = 0, with no loss of generality we may assume that with m # 0 what we
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shall do hereafter. As we have seen in Section
[P — Pol|
[{x e R%, po(z) > polz }} Py [{ZL‘ e R p(x) > po(x)}]
=R [{:r; € R po(z+m) > polz + m)}] - PR [{m eRY, pp(z) > po(:r:)}}
=P [{z eR”, 2 <[z +m[}] - B [{z € R, o —m[* > |a]*}]

nffeent e 2> )| -nlfeer () <)

The first conclusion follows from the fact that the image of the probability P
by the mapping = — (z,m)/|m| is a standard real-valued Gaussian random
variable.

_PO

For the second part, we argue as follows. Clearly, || P, — P|| < 1 and for
all m € R%, p,, is bounded by 1 /v/27. Consequently

Iml

V2r

which leads to the right-hand side of . For the left-hand side, we check
that the minimum of the mapping m — P[|Z| < |m| /2] /min{1,|m| /v/27}
is reached for |m| = v/27 and is not smaller than 0.78.

jml 2
1P — Pyl = 2P [o <7< ‘gﬂ < 2/0 pm(@)dz <

10.14. Proof of Lemma [2l Since the TV-distance is translation invariant
and ¢ is symmetric, i.e.

[Py — Par|| = HPO - P|9'—9\H

and it suffices thus to prove the result for # = 0 and 6 > 0.
Note that for all x € R,

go(x) ifx<6/2
a(@) Aaol) = {q(:{:) if x > 6/2.

Consequently, using again that ¢ is symmetric,

[ o) nw@ir= [ ozt [ gy

—o0 /2
+o00 2

=2 q(z)dr =1 — —arctan(0/2)
9/2 m

and 5
1Py~ Pyl =1 / a(z) A gol)dz = = arctan(0/2)
R

This equality leads to . We obtain the right-hand side of [63| by using
the fact that arctan(u) < u A (7/2) for all w > 0. Since u — arctan(u) is
concave on [0,7/2] and increasing on [7/2, +00),

arctan(u) < arctan(m/2)

" > / for all v € (0,7/2]
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and
arctan(u) > arctan(w/2) for all u € [7/2, 4+00].
These inequalities lead to
2 2 t 2 2
2 arctan(u) > <“ A 1) arctan(r/2) _ 6ag <” A 1) for all u > 0
T T /2 T
which implies .

10.15. Proof of Corollary 4. As a subset of %5 (FE, u), V is also separable
and admits an (at most countable) Hilbert basis (¢r)rez. As a consequence
of (36), for any non-decreasing sequence (for the inclusion) of subsets (Zy)x>1
of 7 satisfying Uy~ Zr = Z,

> o
o0

2

< sup % <R

Z crpr(x)

I1€Ty,

=sup sup
2_
zel Zzezk c7=1

By letting Zj, grow toward Z we deduce that the above inequality remains
true for Z in place of Z; and for all ¢ € V, the sequence

tk=>_ (t,or)er with (t,¢r) :/ tordu
AT, E

1€Zy,

converges both uniformly on E and in Ly(F, ) toward ¢ € V. The equality
t = > ez (t,or)¢r therefore holds pointwise and in Lo(E, ) and we may
write that

2
(128)  |ID-¢f|| =sup sup D erpr()] = sup  t)% < R?
IeT . zel ZI c%:l IeT teV, ”tH271
It also follows from that for all p,q € M,
(129) Ip = dlle < Rllp—all;

and, as seen in Section (Proposition , the test between P = p - u and
Q=gq-p, P#Q, given by

(24 — llqll3) — (2p — IIpll3)
130 =
0 e AR|lp— ]

satisfies then our Assumption [1| for the loss f2 with ag = 3/(4R) and a; =
1/(4R). Given two distinct elements @Q = ¢+ and P =p - p in .4, we may
write

q—p=Y crpr with > cF=[p—ql3>0
IeT IeT
and since by Cauchy-Schwarz inequality and ((128))

SR|p—qlly < +o0

E [Z lerl [er(Xi)

Iel
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it follows from Fubini’s Theorem and Cauchy-Schwarz inequality that

n

> [6@.0)(X0) —E (6,0 (X0)]

=1

Z(X,P,Q)| =

B 1
2R P —4qll,

o [Z (pr(X) —E [mXi)])] '
IeT

i=1

1 n 2\ 1/2
(131) <3g (Z [Z (pr(Xi) —E[W(Xz')])] ) :

IeT Li=1

Since Z(X,P,P) = 0, note that this inequality is also true for Q = P. Tak-
ing the supremum over all ) € .Z, the expectation on both sides of (131]) and
using Jensen inequality together with (128) again, we obtain that w(P, ")
defined by satisfies for all y > 0

w(P,y) =E sup ‘Z(X,?, Q)w
QeAB(P*,y)
) n o\ 1/2
X ﬁ (Z [Z ((PI(Xz) —-E [@I(Xz)])l )
Iel Li=1
. - n 1/2
< ﬁ ZE [Z (‘;OI(XZ) _E[SOI(Xl)])ﬂ]
IeT =1
) - n 1/2 1 n 1/2
_ 2 %
=55 ];;Var[w(&)]] <3p (IEZI;/ wfpldu)
n 1/2
1 n
(&gl ) <

This means that v(P) defined by satisfies

v(?)zmax{L ! }: !

2c0” cov/2) o2

and by applying our Theorem E\with a density p € M we obtain that for
all kK € (0,51), any (—estimator P = p - p satisfies with probability at least
1—-0.37e”

n

1 n « 6 n 1
- F =Dl € f—plly— inf — > |IpF
n ; ”pz pHZ = (1 _ /i)n ; ”pz pHZ plenM n gt ”pz pHQ

S8R 4Re
+ (\/5—'_ \/%) (1—kr)v/n + (1-r)n

The result follows by letting « tend to 0 and using the fact that p is arbitrary
in M.




62 YANNICK BARAUD

10.16. Proof of Corollary [9. Throughout this section we shall identify a
vector @ € R™ with the function on X = {1,...,n}xF defined by (k, x) +— 0,
and for conveniency we shall denote by 8 both the vector and the correspond-
ing function. We consider the class F of functions on X which are of the
form gg : (k,z) — q(z — 0(k,z)) = q(z — 6i). The linear space © (viewed as
a space of functions on X) is VC-subgraph with dimension not larger than
d+1, so is the class of functions of the form (k,z) — = —0(x, k) by applying
Proposition 42-(i) of Baraud et al. (2017) with g : (k,z) — . Since ¢ is
unimodal it follows from Proposition 42-(vi) of Baraud et al. (2017) that F
is VC-subgraph with dimension not larger than 9.41(d+1). Let us fix 8 € ©.
Using Proposition 42-(i) again, we obtain that the class {qg —qg 0 € @}
is VC-subgraph with dimension not larger than 9.41(d + 1) and the VC-
dimension of the class (of subsets of X')

C={Co={ao—q5 <0}, 0 €O}

as well. Applying Proposition 3.1 of Baraud (2016) (with 0 = 1 and V
in place of d) we obtain that whatever the independent random variables

Yi,...,Y, with values in X and distributions ]31, . ,Fn respectively,

< 10V5nV < 69y/n(d +1).

Using and for i € {1,...,n} denoting E-* the probability on the random
variable Y; = (i, X;), i.e. P = §; ® P* (where ¢, denotes the Dirac mass at

)

ke {1,...,n}), the quantity Z<X,P(§q),P(97q)) defined by satisfies
for all @ € ©

(132) E [sup i(n(;(m —E(O))‘

cec i

Z(X,Pg,Pog)| <suw [ (1e(vi) - PH(O))
cec|i

and it follows from and (132 that for all y > 0

sup [Z (X, P, P(aq))H < 69y/n(d+1).

0cO

n ‘

W(P(G q)Y y)SE

Hence v(P( )) defined by satisfies v(P( )) = 69cy 'v/d + 1. We know

from Corollary [7 that the family 7 (¢, .#) satisfies Assumption |1 with ag =
3/2 and a; = 1/2 and we may therefore apply our Theorem [1| Whatever
k € (0,1) and £ > 0, any /—estimator P @.9) € M with a probability at least

1—0.37¢7¢,
0, q)‘

(0:.0) H fco & ~Hog H

4
+1\_f[ 69\/ﬁ+\[

H
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Using the fact that @ is arbitrary in ©, the result follows by letting x tend
to 0 and by normalising by n.

10.17. Proof of Corollary We know from Corollary [7] that the family

T (L, ) satisfies Assumption [1] with ap = 3/2 and a1 = 1/2. Besides, since

Condition (65 holds true, we may apply Proposition |§| and deduce that

Assumptio is satisfied with ay = 1+ a}. As a consequence Theorem [2]

applies and it remains to bound from above the function D uniformly over
={P®", Pe 4}

Let y > 0 and denote by .#(y) the subset of .# gathering those proba-
bility P that satisfy |P — P*|| < y/n, or equivalently for which P = P®"
belongs to the set 9B (P*,y) defined by (here £(P*,P) = n | P* — P|
since the data are assumed to be i.i.d. with distribution P*). We fix some
probability P € .# with density p and define

where the supremum runs among all the classes C of subsets of E which are
VC with dimension not larger than V' and satisfy

sup P*(C) < [ag (HP* — P+ %)} Al =c2

n

> (e(X;) - PH(0))

B(V,y) =supE [
¢ i=1

The set .# (y) is the union of
AMo(y) ={P e A(y), P*(p>p) <1/2},
A (y) ={P e A(y), P"(p=>p) <1/2}.
Besides, by Assumption [5] the classes of sets {p > p}, p € M} and the class

of their complementaries {{p < p}, p € M} are both VC with dimension
not larger than V.

For P € #y(y), using we may write Z(X, P, P) defined by as

zn: [0@.p)(X0) ~E(¢5.p))]

> pep(Xi) = P*(p > p)]
i=1

Z(X,P,P)| =

Since Condition is satisfied we deduce from Proposition |§|, more pre-
cisely (66]), and the definition of .#,(y) and .# (y) that for all P € .#(y)

P*(p>p) = P*(5>p) A P*(p <p) <a [|P* =P +y/n]

and consequently,

B(V,y).
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Arguing similarly for P € .#,(y), we obtain that

and

leading to

8| o LR < B0

Pe(y)

The quantity w(P,y) defined by therefore satisfies w(P,y) < 2B(V,y).
Let us know bound from above B(V,y) and to do so introduce

(133) To(V) = log [2% (”)
=0 \J
a= (32\/fn(V)/n) ANl < (32 (V/\n)L/n) A1 and

H(z) = :):\/V (5 + log (%)) for all z € (0,1].

For a fixed k € (0, 1), we consider a value of y that satisfies

2788as VL . 2k2a3 K2
5——— with ¢ = = .
cf n 225a9 450a9

By using (133), the definition of a and the facts that L > 1, asV/2788/c1 >
32 > 1/+/2e we deduce from (134)) that

_ V2 L
a:\/a2 (HP*—P|]+%)/\12 [a2 6788\/(‘//:1”) N1
1
VAn
1 > V a.
(135) \/ 5o V@

Besides, it follows from 1' again that o < y/2asy/n. Applying Proposi-
tion 4 in Baraud (2016)) (with V in place of d) and using (135 with the fact
that L > 1+ log2, we obtain that

2
<(VAn)L with L—log(v(j\n)
n

(134) Y- P|+
n

g

V( L) < 5 1> VL
<2 — — <2 - 4=
Ono " 5+ 5 Ona\/ 1+ log2 + 5)

2a2y 3.46¢2y
< 20ny/ < ey
0y =0~ >\ 2788agn S Y

w(P,y) < 2B(V,y) <20y/n H(c Va) = 20na\/z <5+log <1))
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By definition (23)) of D(P) we deduce that

D(P) 2788@2 VL

caad VL
2L ||P P+ — =P =P+
n n

n

with c3 = 2788 x (450)? and by applying Theoremlwe get that for all £ > 0,
with a probability at least 1 — 0.42¢~¢, the /-estimator P = P®" satisfies

N 4 <3 ) " xD(P) ( 15a2> E €
P —P < —+—)|P =P 2(1
PP P =P+ o (14 b

1—k I 2n
— inf ||[P* =P
Pe#
4 [(3 Tk csas VL 15a
< < >||P* P||+—3 2+2< 1+ 2)5 }
1—xkL K n  2n

— inf ||P* - p”.
pPex

For k = 0.126, the right-hand side is not larger than

_ VL
7IP* Pl — inf [[P*— P+ cad E 1+ 9.16 (1 + 120a2) &
pPex n n

+2.35

n
with ¢ = 3 x 101! > 4c¢3/[6(1 — k) k3] and the result follows by using the fact
that P is arbitrary in .#.
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